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REPRESENTATION OF NUMBERS DIVISIBLE BY A SUFFICIENTLY LARGE SQUARE
MS. CHETNA, DR. HARDEEP SINGH
Abstract: The present paper examines the concept of the representation of integers, say ݉ǡ by positive ternary
quadratic forms ݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ over the field of integers. In particular, it is proved that every sufficiently large
integer is represented by integral positive ternary quadratic form of odd mutually simple invariants, if it
satisfies the necessary generating conditions as well as the certain additional conditions related to the method
of proof. The first part of the paper deals with some general results and the second part show the
representation of numbers divisible by a sufficiently large square.
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Introduction:Let

݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ ൌ σଷǡୀଵ ܽ ݔ ݔ ሺͳሻ is

the primitive positive ternary quadratic form over the
field of integers with odd determinant ߜǡ ܽ ሺ݅ǡ ݆ ൌ

ͳǡʹǡ͵ሻ

are

the

integers,

ܽ ൌ ܽ ǡ ൫ܽ ൯ ൌ

ߜǡ  ൫ܽ ൯ ൌ ͳǤ Let ܨሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ ൌ σଷǡୀଵ ܽԢ ݔ ݔ is the

ternary quadratic form algebraically similar to the
form݂, where ܽԢ is a cofactor of the element ܽ in

the matrix ൫ܽ ൯ǡ ݅ǡ ݆ ൌ ͳǡʹǡ͵Ǥ Let ݀ is a divisor of this
form such that݂ ൌ ݀ܨ, where ܨis a primitive form
which is mutually primitive to the form ݂ǤThen
ߜ ൌ ݀ ଶ ݇, where ݇ is an integer and ሾ݀ǡ ݇ሿ is called the
invariant of the form ݂. By Shimura [12] if there is a
form ݂ଵ equivalent to the form ݂, then
݂ଵ ߙ ؠଵ ݔଵଶ  ߙଶ ௨ ݔଶଶ  ߙଷ ௨ା௩ ݔଷଶ ሺ݉݀௧ ሻሺʹሻ
whereߙଵ ǡ ߙଶ ǡ ߙଷ are the integers which are relatively
prime to . Let ݂ be the form with invariants ሾ݀ǡ ݇ሿǡ ܨ
be the certain mutual primitive form. If  be a prime
number, then there is an integer ݉ relatively prime to
 represent by the form ݂ then the quantity


ߤ ሺ݂ሻ ൌ ቀ ቁ is called the character of ݂ modulo and

set



of

characters

ቄߤభ ሺ݂ሻǡ ǥ ǥ ǥ ǡ ߤభ ሺ݂ሻǢ ߤభ ሺܨሻǡ ǥ ǥ ǥ ǡ ߤమ ሺܨሻቅሺ͵ሻ

is called complete set of characters of the form In all
these definitions we assume that ݂ is the primitive
integral positive quadratic form with odd
determinant. Let ݂and ܨare mutually primitive forms.
Also we can say that representation of ݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ ൌ
݉ and ܨሺܺଵ ǡ ܺଶ ǡ ܺଷ ሻ ൌ  ܯare called simultaneous if
ݔଵ ܺଵ  ݔଶ ܺଶ  ݔଷ ܺଷ ൌ ͲሺͶሻ
Let ݂ and  ܨare mutually primitive quadratic forms.
Let ܨሺߙଵ ǡ ߙଶ ǡ ߙଷ ሻ ൌ ݉, where number ݉ represented
by form  ܨis the submission of the combination of the
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binary form ߠሺݔǡ ݕሻ ൌ ݂ሺܽଵ  ݔ ܾଵ ݕǡ ܽଶ  ݔ ܾଶ ݕǡ ܽଷ  ݔ
ܽଶ ܾଷ െ ܽଷ ܾଶ ൌ ߙଵ
ܾଷ ݕሻ from theform ݂,if൝ܽଷ ܾଵ െ ܽଵ ܾଷ ൌ ߙଶ ሺͷሻ
ܽଵ ܾଶ െ ܽଶ ܾଵ ൌ ߙଷ
For the above definitions and the following results we
referred the work of Burton [3], Serre [11], Shimura
[12].
Result 1.1: Let ߠሺݔǡ ݕሻ ൌ ݒሺ ݔଶ  ʹ ݕݔݍ  ݕݎଶ ሻ be a
positive integral binary quadratic form with
determinant ߜ and a divisor ݒሺݓሻ where  ݓൌ
 ሺǡ ݍǡ ݎሻ ǡ  ݓൌ ݓଵ ݓଶ ǡ where ݓଵ is square free. Then
the number of representations byߠሺݔǡ ݕሻ ൌ
݂ሺܽଵ  ݔ ܾଵ ݕǡ ܽଶ  ݔ ܾଶ ݕǡ ܽଷ  ݔ ܾଷ ݕሻሺͺሻ
with respect to positive integral ternary quadratic
form ݂ with the additional condition that  ݒdivide
 ሺܽଶ ܾଷ െ ܽଷ ܾଶ ǡ ܽଷ ܾଵ െ ܽଵ ܾଷ ǡ ܽଵ ܾଶ െ ܽଶ ܾଵ ሻሺͻሻ
are൏ ߩଵ

ሺߛሺߜሻሻସ

భ
మ

ఋ

భ
మ

ݓଶ ቀ ሺ మ ǡ ݒቁ ሺͳͲሻ
௩

where the constant ߩଵ  Ͳ depends only on the
determinant of the form݂ǤThe next observation can
be obtained by using classical results from the
arithmetic of quadratic forms (Hahn [6], Elman [5]).
However, here we are giving the independent
elementary proof.
Result 1.2: Let ݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ is the integral primitive
ternary quadratic form with odd invariant ሾ݀ǡ ݇ሿǤLet
݀ ൌ ݀ݎଵ , where ݎis an integer relatively prime to ݀ଵ ݇
and let us assume that for every prime number 
included in the form of the class ݎ, we haveቀ

ିΔ


ቁൌ

ͳሺͳͳሻ
then there exist integers ܿ ሺ݅ǡ ݆ ൌ ͳǡʹǡ͵ሻǡ satisfying the
equality
݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ ൌ
ሺσଷୀଵ ܿଵ ݔ ǡ σଷୀଵ ܿଶ ݔ ǡ σଷୀଵ ܿଷ ݔ ሻሺͳʹሻ
where݂ is the ternary form over the field of integers
with invariantsሾ݀ଵ ǡ ݇ሿǡ ൫ܿ ൯ ൌ ݎ.
͵
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Proof: We now transform the form ݂ into an
equivalent
form
݂ଵ
given
݀݇ܽԢଵଵ ݀݇ܽԢଵଶ ݀݇ܽԢଵଷ
݀ܽԢଶଷ ቍሺͳ͵ሻ
as݂ଵ ൌ ቌ݀݇ܽԢଶଵ ݀ܽԢଶଶ
݀݇ܽԢଷଵ ݀ܽԢଷଶ
݀ܽԢଷଷ
whereܽԢ ൌ ܽԢ are the integers. Hence by the
condition (11). We can say that there are relatively
prime
integers
݊ଵଵ ܽ݊݀݊ଶଵ
satisfying
the
ᇱ ሻ݊
ᇱ ሻ݊ଶ
equationሺ݀݇ܽ ଵଵ ଵଵ  ʹሺ݀݇ܽ ଵଶ ଵଵ ݊ଶଵ 
ଶ
ሺ݀݇ܽᇱ ଶଶ ሻ݊ଶଵ
Ͳ ؠሺ݉ ݎ݀ଶ ሻሺͳͶሻ
By (13) and (14) therefore, we have݂ଶ ሺݕଵ ǡ ݕଶ ǡ ݕଷ ሻ ൌ
ߠሺݕݎଵ ǡ ݕଶ ǡ ݕଷ ሻሺͳͷሻ
whereߠ is an integral form with invariants ሾ݀ଵ ǡ ݇ሿ.
Equation (15) is equivalent to (12), which proves the
remark.
Result 1.3: Let F is a positive integral quadratic form
with odd co-prime invariantsሾ݀ǡ ݇ሿ, ݂ be a mutual
primitive form of it and ݉ is a positive integer which
is relatively prime to ʹ݀݇ǡ for which the
congruenceݔଶ  Δ݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ ؠ
݉ሺ݉ʹ݀ଷ ݀ ଶ ݇ሻሺͳሻ
is
solvable.
ThenݎሺΘ ǡ ሻ ൌ
ݎሺǡ Θ ǡ ǡ Φǡ ሻ̱ሺʹଷ ሻ ൮

ʹ
ͳ
ෑ
ଶ ౡ ͳ െ
౦

ଵ

୮మ


భ

ൌ




and if

it satisfies the conditionsܯଵ Ͳ ؠ ܤሺ݉݃ݎ݀ሻሺʹͳሻ
Then  ܯൌ ܯଵ ି ܤଵ ܣሺʹʹሻ
is also a primitive Hermitian of norm ݉ satisfying the
conditions (18) and conversely if  ܯsatisfies (18), then
ܯଵ satisfies the condition (21). Thus equation (22)
establishes a one-to-one correspondence between
primitive Hermitian ܯଵ of norm ݉ଵ with the
condition (21) and primitive Hermitian  ܯof norm ݉
with the condition (18). Let us suppose that
ݎሺǡ Θ ǡ ǡ ǡ Ԣሻ be the number of representations of
such Hermitian ܯଵ , then we can find an asymptotic
formula for the number of primitive Hermitian of
norms ݉ with the condition (18) lying in a given area
and elliptical region belonging to a given
classሺ݄݉݀ሻ, where ݄ is relatively prime to ʹ݉Ǥ
On the representation of numbers divisible by a
sufficiently large square: Since Ono, Soundararajan
[10] and Oliver Robert J. Lemke [9] has focused on
IMRF Journals

య

୩

ଵ

భ

౦ ଵି౦మ

 ቀరାε ቁ ሺͳሻ

ଵ

ቇ ቌ ςౚ

ଵ

షΔ
౦
౦
ଵି
౦

ୢ

ଵ

ቍ ൬ ςౣ ቀͳ െ ቁ൰ 
౦

୮

where the constants in ܱ depends only on ݀ǡ ݇ and
arbitrary א Ͳ (Kitaoke [8]). Now further by using
the result 1.3 we can prove the next result.
Result 1.4: Let  ܨis a positive integral quadratic form
with odd co-prime invariants ሾ݀ǡ ݇ሿǡlet ݂ is a mutual
primitive form of it and ݉ is a positive integer
relatively prime to ʹ݀݇ for which the congruence (18)
holds. Let  ݎand ݄ be positive integers with the
condition ݄ݎdivides ݉, all of which are ݉ multipliers


included in the form of class  ݎand . Let Φ is defined


as the class of primitive Hermitian ሺ݄݉݀ሻ and ܴ is
the primitive Hermitian of norm ݎǤWe denote
ݎሺǡ Θ ǡ ǡ Φǡ ሻ be the number primitive integer ݉ by
hermitian  ܯin Θ with the condition


߳ܯΦǡ ሺͳͺሻ
ୖ

if for some ߠ  Ͳ, ݎଷ଼ ൌ ܱ ቆቀ
then

ͳۇ
൲ ۈෑ
 ౚ

where the constants in the equation (20) depend only
on ݀ǡ ݇Ƭߠ.
Proof: By Timothy [13], we can show that if ܯଵ a
primitive Hermition of norms is ݉ଵ ൌ

ଵ

ሺʹଷ ሻ ቆ మ ςౡ
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ۉ

౦

భ

 రబିఏ
ቇሺͳͻሻ
ቁ


we

ͳ

ͳെ

షΔ
౦

୮

 ۊ
 ۋ൮

ͳ

ଵ

ς ౨ ቀͳ െ ቁ
౦

୮

have

൲ሺʹͲሻ

ی
the problem of determining ternary quadratic forms
which represent every locally represented integer.
Assuming the Generalized Riemann Hypothesis they
showed that one can effectively find representations
by ternary forms with small determinants. They also
mentioned that there are always local obstructions in
the representations by ternary forms. This motivates
us to prove the following theorem which also
improves the result of Kane [7].
Theorem 2.1: Let ݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ is a primitive positive
quadratic form over the field of integers with
invariants ሾ݀ǡ ݇ሿ which are relatively odd co-prime.
Let ݉ is an integer for which there is the primitive
congruence݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ  ؠሺʹଷ ሻሺʹ͵ሻ
Then there exists an integer ݏ depending only on ݀
and ݇ if ݉ is divisible by the square of the integerݏ
where  ݏis greater then ݏ and relatively prime to ʹ݀݇,
then the number • is primitively represented by the
form greater than ݃ ଼ݔሺെ݇݉ሻሺʹͶሻǤ
Proof: Let ݍଵ ǥ ǥ ǥ ݍ௧ are the different powers of
prime numbers such that  ݍൌ ሺݍଵ ǥ ǥ ǥ ݍ ሻǤ
Then either  ݐ ඥ ݏ and  ݍ  ݐ ඥ ݏ or
Ͷ
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భ

 ݐ൏ ඥ ݏ and q ݏ  ݁ ඥ୪୭ ௦బ .With the increase in
the value of ݏ the value of ݉݅݊ ቄඥ ݏ ǡ ݁

ඥ୪୭ ௦బ

ቅ

increases upto infinity, and the number  ݏcan be
replaced by the number ݍ. Let us suppose that
 ݏൌ ߨ ఌ Ǥ Moreover, we can assume that either ߨ is
bounded by a constant depending only on ݀and ݇, or
 ݏis a prime number. Since the number



௦మ

satisfies the

congruence conditions of݂ and ݂ has a primitive
solution therefore by (23), we have ݂ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ ؠ

ሺʹଷ ሻ.Thus for such forms of ݂ there
మ

௦

݂ଵ ,

exists form

representations of

ݔଵ ݃ ቀെ


௦మ

the



௦మ

number

of

primitive

by the form ݂ଵ is greater than

ቁ (Shimura[12]), where ݔଵ  Ͳis a constant
we get ݂ଵ ݂ଵ ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ
ଷ
σୀଵ ܿଷ ݔ ሻሺʹͷሻ

depending only on ݀݇Ǥ
ଵ

݂ሺσଷୀଵ ܿଵ ݔ
మ

ǡ σଷୀଵ ܿଶ ݔ

ൌ

Here ܿ ሺ݅ǡ ݆ ൌ ͳǡʹǡ͵ሻare integers with ൫ܿ ൯ ൌ  ݎଷ
where integer  ݎrelatively prime to ʹ݀݇ depends only
on ݀ǡ ݇ܽ݊݀ߛǤ By Chan [4] and Alladi et al. [1] we can
also assume the number  ݎsimply from ݏ, for
otherwise we can find a substitution which has the
same properties with the denominator ݎԢ which is
prime to  ݎsince  ݏbe a degree of prime number, then
we get  ݏsimply from ݎԢ. So, we can get the number ݎ
simply from ݏ. Since each of the form is greater than
ݔଵ ܿ ቀെ

are
By



௦మ


௦మ

ቁ

so

the

primitive

ൌ ݂ଵ ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻሺʹሻ

the

equality

݂ሺσଷୀଵ ܿଵ ݔ

(25)

ǡ σଷୀଵ ܿଶ ݔ
 మ

as the number

௦మ

we

representations

can

say

that

σଷୀଵ ܿଷ ݔ ሻሺʹሻ

 మ
௦మ

ൌ

is represented by the form ݂Ǥ Let ݄

be the divisor of this representation. Then ݄ divides
 ݎଶ Ǥ Thus it is obvious that different representations by
(26) correspond to different representation by (27).
Since  ݎdepends only on ݀ǡ ݇ and ߛ then there are
representations greater than ݔଶ ݃ ቀെ

number

 మ
௦మ


௦మ

ቁ of the

by the form ݂ with the same divisor ݄

and here ݔଶ  Ͳ is a constant depends only on ݀ǡ ݇
and ߛǤ In other words, there is a primitive
representation greater than ݔଶ ݃ ቀെ
 మ

௦ మ మ


௦మ

ቁ of the number

by the form ݂. Since we get  ݎsimply from ݏand

as ݄ divides  ݎଶ therefore on setting the values as


ǡ ݎൌ
,
ୡୢሺǡሻ ଶ
ୡୢሺǡሻ
݉ଵ ݎଵଶ ǡ ݉ଵ ሺݎଶ ݏሻଶ ൌ ݉, where ݉ଵ

ݎଵ ൌ

we

have

 మ

௦ మ మ

ൌ

is an integer, ݎଵ and ݎଶ
are co-prime integers with the conditions that
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ݎଵ divides  ݎand ݎଶ divide  ݎଷ Ǥ Thus we have primitive

representations of ݉ଵ ݎଵଶ  ݔଶ ݃ ቀെ


௦మ

ቁby the form ݂Ǥ

Let F be the mutual primitive form of ݂ with the
invariant ሾ݀ǡ ݇ሿǤ Consider the Hermitian algebra ி .
As indicated above, this algebra has primitive vectors
 ܮൌ ݔଵ ݅ଵ  ݔଶ ݅ଶ  ݔଷ ݅ଷ  ݔଶ ݃ ቀെ


௦మ

ቁwhich has norm

݉ଵ ݎଵଶ . Since the number ݎଵ co-prime with ʹ݀݇ is a
quadratic residue ሺ݉݇݀ሻ and ݇ are odd numbers,
then
the
congruence
ݔଶ  ݂݇ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻ ؠ
ଷ ଶ ସ
ݎଵ ሺ݉ ݇ ݀ ʹ݀ሻ gives the primitive solution.
Therefore for given ݉ we have ߛ  ߛ ሺ݀ǡ ݇ሻ and there
is a primitive Hermitian ܴଵ of norm ݎଵ . Now we prove
that for sufficiently large ݏ ൌ ݏ ሺ݀ǡ ݇ሻ and for each
vector  ܮthere exist the primitive norm ݇݉ଵ ݎଵଶ which
is greater than ݔଷ  ݏfor Q of norm ݇ݎଶ ݏ. Firstly let the
Hermition
primitive
ܤ
on
ሺ݉ݎ݇݀ଵ ݎଶ ߨሻ
ଷ ଶ ସ
ସ ଶ ଶ ଶ
݇ݎݏଵ ܰ ؠሺܤሻሺ݉ ݇ ݀ ʹ݀ή ݇ݎݏଶ ή ݇ ݎଵ ݎଶ ߨ ሻ
beቐ
ሺʹͺሻ
݀݅ܤݎݏ݅ݒᇱ ܤܮሺ݉ ݇݀ʹ݀ଶ ݎଵ ݎଶ ߨሻ ൌ ݇
Ͳ ؠ ܤܮሺܴ݉݀ଵ ሻ
Since ʹଷ ݀ ଶ ǡ ݇ ଽ ǡ ݎଵଶ and ݎଶଷ  ߨݏଶ are relatively prime pairwise, and  ܮbe a primitive vector, so in order to prove
the required result firstly it is sufficient to prove the
existence of ܤଵ with the condition ݇ݎଶ ؠ ݏ
ܰሺܤଵ ሻሺ݉ʹ݀ଷ ݀ ଶ ሻሺʹͻሻ
Secondly, the existence of ܤଶ primitive ሺ݉݇݀ሻ with
݇ݎଶ ܰ ؠ ݏሺܤଶ ሻሺ݉ ݇݀ଽ ሻ
ሺ͵Ͳሻ
the condition൜
݀݅ܤݎݏ݅ݒԢଶ ܤܮଶ ሺ݉ ݇݀ଶ ሻ ൌ ݇
Thirdly, the existence of ܤଷ with the condition
݇ܰ ؠ ݏ ݎሺܤଷ ሻሺ݉ݎ݀ଵଶ ሻ
൜ ଶ
ሺ͵ͳሻ
ܤܮଷ Ͳ ؠሺܴ݉݀ଵ ሻ
Fourth,
the
existence
of
ܤସ
with
the
ଷ
ଶ
݇ܰ ؠ ݏ ݎሺܤସ ሻሺ݉ݎ݀ଶ  ߨݏሻ
ሺ͵ʹሻ
condition൜ ଶ
ܤԢସ ܤܮସ ݁ݒ݅ݐ݅݉݅ݎሺ݉ݎ݀ଶ ߨሻ
The existence of a Hermitian ܤଵ by (29) where ݇ݎଶ ݏ
and ʹ݀ are relatively co-prime follows directly from
the well-known theorems on Quadratic congruence
(Burton [3]). We show that there is a primitive
Hermitian ܤଶ ሺ݉݇݀ሻ with the condition (30). Let us
assume
that
ܿ ؠ ܨଵ ݖଵଶ  ݇ܿଶ ݖଶଶ  ݇ܿଷ ݖଷଶ ሺ݉ ݇݀ଽ ሻ
where ݀ and ݇ are relatively co-prime and integers
ܿଵ ǡ ܿଶ ǡ ܿଷ are prime to ݇ǡ let us suppose  ܮൌ ݔଵ ݅ଵ 
ݔଶ ݅ଶ  ݔଷ ݅ଷ and there exist integers ܾଶ and ܾଷ such
that (Burton [3])ݎଶ ܿ ؠ ݏଵ ܿଷ ܾଶଶ  ܿଵ ܿଶ ܾଷଶ ሺ݉ ଼ ݇݀ሻሺ͵͵ሻ
Since ݎଶ  ݏand ݇ are relatively prime so the first and
second condition of (30) immediately follows from
the primitiveness of L and by comparing (33). The
existence of Hermitian ܤଷ with the condition (31)
hold (kitaoka [8]).. Finally, we prove the existence of
Hermitian ܤସ with the condition (32). In order to
ͷ
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prove this firstly we show that there is a Hermitian ܤସଵ
ܰሺܤଵ ሻ Ͳ ؠሺ݉ݎ݀ଶ ݏሻ
for which ൜ ଵ ଵ ସ
ሺ͵Ͷሻ
ܤԢସ ܤܮସ ݁ݒ݅ݐ݅݉݅ݎሺ݉ݎ݀ଶ ߝሻ
Indeed, let  is a prime divisor of ݎଶ  ݏand  divides
ݎଶ ݏǤThen
there
exist
ܦ
such
ܰሺܦሻ Ͳ ؠሺ݉݀ሻ
ሺ͵ͷሻ
that൜ ᇱ
݁ݒ݅ݐ݅݉݅ݎܦܮ ܦሺ݉݀ሻ
Therefore, there exist  ܦwith the condition (35)
(Kitaoka [8]). Then by the induction on  ݐwe consider
ܦ ؠ ܥሺ݉݀ሻ such thatܰሺܥሻ Ͳ ؠሺ݉݀௧ ሻ.Therefore
ሺଵሻ

we can find a Hermitian ܤସ

with the condition (34).

ሺଶሻ
ሺଵሻ
We choose Hermitian ܤସ ܤ ؠସ ሺ݉ݎݏ݀ଶ ሻ such that
ሺଶሻ
ܰሺܤସ ሻ ݎ ؠଶ ݑݏሺ݉ݎݏ݀ଶଷ ߨ ଶ ሻwhere the integer  ݑis
ሺଷሻ
relativly prime to ݎଶ ߨ. Finally, we select ܤସ and then
ሺଶሻ ሺଷሻ
ܤସ ൌ ܤସ ܤସ satisfy the condition (32). So we found a

primitive Hermitian ܤሺ݉ݎ݇݀ଵ ݎଶ ߨሻ from the terms
(28). Next we now distinguish two cases. (1) Let
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