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TOTAL WEIGHT IRREGULARITY OF S- VALUED GRAPHS
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Abstract: Recently, we have studied the notion of Semiring valued graphs - called S-valued graphs. In our
recent papers, we have studied the notion of Regularity on S-valued graphs, (a,k)-regular S-valued graphs and
irregularity conditions on S-valued graphs. In this paper, we study the Total weight irregularity of S-valued
graphs.
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Introduction: In [1] and [2] the authors have
discussed the notion of irregularity of graphs.
Jonathan S. Golan [3] has introduced the notion of
ܵ െvalued graph corresponding to a semiring S,
where he considered a function ݃ǣ ܸ ൈ ܸ ՜ ܵ such
that ݃ሺݒଵ ǡ ݒଶ ሻ ് ߶Ǥ But nothing more has been dealt.
In [5], we have introduced the notion of semiring
valued graphs (simply called ܵ െvalued graphs). In
[4] and [6], we have discussed the regularity and the
degree regularity conditions on ܵ െvalued graphs. In
this paper, we introduce the notion of total weight
irregularity of ܵ െvalued graphs and study its
properties.
Preliminaries: In this section, we recall some basic
definitions from the theory of semirings, graphs and
ܵ െvalued graphs that are needed in the sequel.
Throughout our work, we consider Semirings S with
zero element ‘0’ and unit element ‘1’.
Definition 2.1. [1] Consider the graph
G=(ܸ ,E),
with ȁܸȁ ൌ ݊ , ȁܧȁ ൌ ݉.Let e=(u,v) אE . The imbalance
of the edge e is defined as imb(e)=|deg(u) - deg(v)|.
Definition 2.2.[1] The irregularity of G is defined as
irr(G) = σאா ܾ݅݉ሺ݁ሻǤ
Definition 2.3.[2] The total irregularity of the graph
G is defined as
ଵ
irrT(G) = ( )σ௨ǡ௩א ȁ ሺݑሻ െ ݀ሺݒሻȁ.
ଶ
DEFINITION 2.4.[3] A SEMIRING (S,+,·) IS AN ALGEBRAIC
SYSTEM WITH A NON-EMPTY SET S TOGETHER WITH TWO
BINARY OPERATIONS + AND · SUCH THAT
1. (S, +, 0) is a monoid.
2. (S, · ) is a semigroup.
3. for all a,b,c Î S, a · (b+c) = a · b + a · c
and (a + b) · c = a · c + b · c.
4. 0 · x = x ·0 = 0 " x Î S.
Definition 2.5.[3] Let (S, +, ·) be a semiring. A
canonical Pre-order  ػin S is defined as follows : for
a ,b Î S , a  ػb if and only if, there exist a c Î S
such that a + c = b.
Definition 2.6.[5] Let  ܩൌ ሺܸǡ  ܸ ؿ ܧൈ ܸሻ be the
underlying graph with ܸǡ ߶ ് ܧǤ For any semiring
ሺܵǡ ǡڄሻǡ a Semiring-valued graph (or a S-valued graph
)  ܩௌ is defined to be the graph  ܩௌ ൌ ሺܸǡ ܧǡ ߪǡ ߰ሻǡ
where ߪǣ ܸ ՜ ܵ and ߰ǣ  ܧ՜ ܵ is defined to be

ሼߪሺݔሻǡ ߪሺݕሻሽ݂݅ߪሺݔሻ ߪ عሺݕሻ
߰ሺݔǡ ݕሻ ൌ ൝ߪݎሺݕሻ ߪ عሺݔሻ
Ͳ݁ݏ݅ݓݎ݄݁ݐ
for every unordered pair ሺݔǡ ݕሻ of  ܸ ؿ ܧൈ ܸǤ We call
ߪǡ a ܵ െvertex set and ߰ǡ a ܵ െedge set of ܵ െvalued
graph  ܩௌ Ǥ
Definition 2.7. [4] If ߪሺݔሻ ൌ ܽǡ  ܸ א ݔand for some
ܽ  ܵ אthen the corresponding ܵ െvalued graph  ܩௌ is
called a vertex regular ܵ െvalued graph.
Definition 2.8. [4] A ܵ െvalued graph  ܩௌ is said to be
an edge regular ܵ െvalued graph if ߰ሺݔǡ ݕሻ ൌ ܽ for
every ሺݔǡ ݕሻ  ܧ אand for some ܽ ܵ אǤ
Definition 2.9. [4] A ܵ െvalued graph  ܩௌ is said to be
ܵ െregular if it is both a vertex regular and an edge
regular ܵ െvalued graph.
Definition 2.10. [6] Let  ܩௌ be a ܵ െvalued graph
corresponding to an underlying graph ܩǡand ܽ ܵ אǤ
 ܩௌ is said to be a ሺܽǡ ݇ሻ െ regular if it satisfies the
following conditions:
1. The crisp graph  ܩis ݇ െregular.
2. ߪሺݒሻ ൌ ܽ for every ܸ א ݒǤ
Definition 2.11.[5] The Degree of the vertex  ݒof the
S
S-valued
graph
G
is
defined
as
degS((=)ݒσሺ௩ǡ௩ሻאா ߰ሺሺݒ ǡ ݒሻǡ ݈ሻ
where ݈ is the number of edges incident with  ݒ.
Total Weight Irregularity of S- valued Graphs: In
this section, we introduce the notion of total weight
irregularity condition on a S-valued graph by defining
the notion of degree S-imbalance, weight Simbalance. We will prove some simple results.
S
Definition 3.1.Consider a S-valued graph G =
(V,E,ߪǡ ߰ሻ with |V| = n & |E| = m. Let e=ሺݑǡ ݒሻ  אE
and degS(=)ݑሺσሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻǡ ݀݁݃ீ ሺݑሻሻ ,
degS((=)ݒσሺ௩ೕ ǡ௩ሻאா ߰൫ݒ ǡ ݒ൯ǡ ݀݁݃ீ ሺݒሻሻ

If σሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻ ൌ σሺ௩ೕǡ௩ሻאா ߰൫ݒ ǡ ݒ൯ then the
degree S-imbalance of e is defined as degimbS(e) =
݀݁݃ீ ሺݑሻ̱݀݁݃ீ ሺݒሻሻ
(σሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻ,
.ψσሺ௩ೕ ǡ௩ሻאா ߰൫ݒ ǡ ݒ൯=a
ฺ degimbS(e) =(c,݀݁݃ீ ሺݑሻ̱݀݁݃ீ ሺݒሻ).
Since e=ሺݑǡ ݒሻ  אE is arbitrary , degimbS(e) exists for
all edges.
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S

Corollary 3.5. Let aאS be idempotent in S and G be a
vertex regular S-valued graph with S-vertex set {a}
then degimbS(e) =(a,݀݁݃ீ ሺݑሻ̱݀݁݃ீ ሺݒሻ) for all eאE.
Proof.Since every vertex regular S-valued graph is an
edge regular S-valued graph , by above theorem
degimbS(e) =(a,݀݁݃ீ ሺݑሻ̱݀݁݃ீ ሺݒሻ) for all eאE.
S
Corollary 3.6. Let aאS be idempotent in S and G be
a regular S-valued graph with
S-vertex
set
{a}
then
degimbS(e)
=(a,݀݁݃ீ ሺݑሻ̱݀݁݃ீ ሺݒሻ) for all eאE.
Proof.Since every S-regular graph is a S-vertex
regular graph, by corollary 3.5., it holds.
S
Corollary 3.7.If G is a (a,k)-regular S-valued graph
with aאS as an idempotent element , then degimbS(e)
=(a,݀݁݃ீ ሺݑሻ̱݀݁݃ீ ሺݒሻ) for all eאE.
Proof:Since every(a,k)-regular S-valued graph is a Sregular graph, by corollary 3.6, it holds.
Definition 3.8. Degree S-irregularity of a S-valued
S
graph
G
is
defined
as
S
degirrS(G )=σאா ୗ ሺሻ.
Example 3.9. Consider the semiring in example 3.2.
S
Let G be

Clearly it is not a vertex regular hence it is not a
regular or edge regular S-valued graph. and b is not
an idempotent element but c is an idempotent
element. Further S-edge set={b,c} and S-vertex
set={b,c}.
Now, degS(ݒଵ )=(c,1); degS(ݒଶ )= (c, 3); degS(ݒଷ )=(c,2);
degS(ݒସ )=(c,2); degS(ݒହ )=(c,3); degS((=) ݒc,1).
For an edge e=ሺݒଵ ǡ ݒଶ ሻǡ
ܾ݀݁݃݅݉ௌ (ሻ  ൌ ሺ ǡ ͵̱ͳሻ ൌ ሺ ǡ ʹሻ
For an edge e=ሺݒଶ ǡ ݒଷ ሻ ,
ܾ݀݁݃݅݉ௌ (ሻ  ൌ ሺ ǡ ͳሻ
For edge e=ሺݒଶ ǡ ݒସ ሻǡ ܾ݀݁݃݅݉ௌ (ሻ  ൌ ሺ ǡ ͳሻ
For an edge e=ሺݒଷ ǡ ݒହ ሻ , ܾ݀݁݃݅݉ௌ (ሻ  ൌ ሺ ǡ ͳሻ
For an edge e=ሺݒସ ǡ ݒହ ሻ , ܾ݀݁݃݅݉ௌ (ሻ  ൌ ሺ ǡ ͳሻ
For an edge e=ሺݒହ ǡ  ݒሻ , ܾ݀݁݃݅݉ௌ (ሻ  ൌ ሺ ǡ ʹሻ.
S
Therefore degirrS(G )=σאா ୗ ሺሻ =(c , 8).
Remark 3.10 .From the above example we observe
that the degree S-imbalance of all edges exists even if
S
the S-valued graph G is not an edge regular, a vertex
regular or not a S-regular with S-edge set is not a
singleton set of an idempotent element of S.
Therefore the above theorems & corollaries are not
sufficient to the existence of degree S- imbalance of
all edges.
Example 3.11. Consider the semiring in example 3.2.
S
Let G be

Clearly it is an edge regular but not a vertex regular
and b is not an idempotent element of S. But
degS(ݒ )= (c,2) , for all i= 1,2,3,4. Therefore
ܾ݀݁݃݅݉ௌ (ሻ  ൌ ሺ ǡ Ͳሻ for all eאE.
S
ฺ degirrS(G )=(c,0).
Remark 3.12 From the above example 3.11. , we
observe that the existence of degree S-imbalance of
all edges does not depend on the idempotent
element.
Theorem 3.13.The degree S-irregularity of a dSregular graph is (d,0) for some dאS .
S
Proof: Let G = (V,E,ߪǡ ߰ሻ be a dS-regular graph .
Therefore degS(ݒ )= (a,k) , for all i and some aאS.ฺ
degimbS(e) =(σሺ௨ǡ௨ሻאாሺ߰ሺݑ ǡ ݑሻ,
݀݁݃ீ ሺݑሻ̱݀݁݃ீ ሺݒሻሻ
= (a+a+...+a, ḵk)=(c,0) ,some c אS.
Since e  אE is arbitrary,ܾ݀݁݃݅݉ௌ (ሻ  ൌ ሺ ǡ Ͳሻ for all e א
E.
S
ฺ degirrS(G )=σאா ୗ ሺሻ =(c+c+c+c+c+ . . . +c
, 0)=(d,0).
S
Definition 3.14. Consider a S-valued graph G =
(V,E,ߪǡ ߰ሻ with |V| = n & |E| = m.
Let e=ሺݑǡ ݒሻ  אE and degS(=)ݑሺσሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻǡ
݀݁݃ீ ሺݑሻሻ ,
degS((=)ݒσሺ௩ೕ ǡ௩ሻאா ߰൫ݒ ǡ ݒ൯ǡ ݀݁݃ீ ሺݒሻሻ .
If ݀݁݃ீ ሺݑሻ=݀݁݃ீ ሺݒሻ , then the weight S-imbalance of
e אE is defined as
σሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻǡ
wtimbS(e)=(min{
σሺ௩ೕ ǡ௩ሻאா ߰൫ݒ ǡ ݒ൯ } , ݀݁݃ீ ሺݑሻ).
S
Example 3.15.Consider the semiring and G as in
example 3.2 and let e=ሺݒସ ǡ  ݒሻ. degS(ݒସ )=(b,3)and
degS((=) ݒc,3). Therefore we cannot find the
ܾ݀݁݃݅݉ௌ (ሻbut wtimbS(e)=(min{b,c}, 3)=(b,3).
Example 3.16. Consider the following S-valued graph
S
G with the semiring in example 3.2.
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Let e=ሺݑǡ ݒሻ  אE be arbitrary. Here degG(u) ് degG(v)
. Therefore we cannot find wtimbS(e) for all edges.
Theorem 3.17. If the underlying graph of a S-valued
S
graph G is regular then wtimbS(e) exists for all e אE.
S
Proof: Since the underlying graph G of G is
regular,every vertex is of same degree. Especially , any
two adjacent vertices of of an edge must have the
same degree. Therefore by definition, wtimbS(e)
exists for all e אE.
Remark 3.18. wtimbS(e) exists only if the adjacent
vertices of e are of same degree. Therefore we cannot
find wtimbS(e) for all e even if the given S_valued
graph is S-regular, S-vertex regular and S-edge
regular.
S
Theorem 3.19. If G is a (a,k)-regular S-valued graph
with aאS as an idempotent element, then
wtimbS(e)=(a,kሻ for all eאE.
S
Proof: Let G = (V,E,ߪǡ ߰ሻ be a (a,k)-regular S-valued
graph with aאS as an idempotent element. ฺIt is a
vertex regular S-valued graph and hence an edge
regular S-valued graph.ฺ ߰ሺݑǡ ݒሻ = a for anyሺݑǡ ݒሻ
אE and degG(u)=k for all u  ܸ א.By definition,
wtimbS(e)
= (min{ σሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻǡ
σሺ௩ೕ ǡ௩ሻאா ߰൫ݒ ǡ ݒ൯ } , ݀݁݃ீ ሺݑሻ) = (a,kሻ ሺ ܽ  ܽ ൌ ܽሻ
, eאE.
wtimbS(e)=(a,kሻ for all eאE.
Theorem3.20. In a dS-regular S-valued graph,
wtimbS(e)=(a,kሻ for all eאE and some aאS is an
idempotent element in S.
Proof: Since ݀݁݃ௌ ሺݑሻ = (a,k) for some aאS , for all
uאV and degG(u)= k for all uאV in a dS-regular Svalued graph,
wtimbS(e)= (min{ σሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻǡ
σሺ௩ೕ ǡ௩ሻאா ߰൫ݒ ǡ ݒ൯ } , ݀݁݃ீ ሺݑሻ)
= (min{ aǡ a} , k) = (a,k).
wtimbS(e)=(a,kሻ for all eאE.
S
Definition 3.21. Weight S-irregularity of G is defined
as
S
wtirrS(G ) = σୣאǤ ୗ ሺሻ.
Example 3.22. Consider a semiring in example 3.2.
S
Let G be
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It is a (a,3) regular graph. Therefore for any
eൌ ሺݑǡ ݒሻ אE,
wtimbS(e)= (min{ σሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻǡ
σሺ௩ೕ ǡ௩ሻאா ߰൫ݒ ǡ ݒ൯ } , ݀݁݃ீ ሺݑሻ)
= (min{ a+a+a+aǡ a+a+a+a} , 3)
= (min{b,b},3) = (b,3).
Since e is arbitrary , wtimbS(e)=(b,3ሻ for all eאE.
S
 wtirrS(G ) = σୣאǤ ୗ ሺሻ
= σୣאǤሺǡ ͵ሻ = ( c, 24).
Definition 3.23.In general, S-imbalance of e=(u,v)א
S
E in G is defined as
imbS(e)= (min{ σሺ௨ǡ௨ሻאா ߰ሺݑ ǡ ݑሻǡ
σሺ௩ೕ ǡ௩ሻאா ߰൫ݒ ǡ ݒ൯ } , ܾ݅݉ீ ሺ݁ሻ).
S
Definition3.24. The S-irregularity of G is defined as
S
irrS(G ) = σאா ܾ݅݉ௌ ሺ݁ሻ.
S
Definition 3.25.The Total S-irregularity of G is
S
defined as TirrS(G )= (݉݅݊୳א ߪሺݑሻ,
ଵ
 σ௨ǡ௩א ȁ݀݁݃ீ ሺݑሻ െ ݀݁݃ீ ሺݒሻȁ).
ଶ
Example 3. 26.Consider a semiring as in example 32.
S
and G as in example 3.17.
Let
e=(ݒଵ ǡ ݒହ ሻ.
Then
imbS(e)=
(min{
σሺ௩భ ǡ௨ሻאா ߰ሺݒଵ ǡ ݑሻǡ σሺ୴ఱǡ௩ሻאா ߰ሺݒହ ǡ ݒሻ } , ܾ݅݉ீ ሺ݁ሻ).
= (min {b,c}, 1) = (b,1)
Similarly,if e=(ݒହ ǡ ݒଶ ሻǡ then imbS(e)= (min{ cǡ b} ,
ܾ݅݉ீ ሺ݁ሻ) = (b,1).
if e=(ݒସ ǡ ݒଶ ሻ ,then imbS(e)= (min{ bǡ ܾ} , ܾ݅݉ீ ሺ݁ሻ) =
(b,2).
if e=(ݒଷ ǡ ݒସ ሻ,then imbS(e)= (min{ aǡ b} , ܾ݅݉ீ ሺ݁ሻ) =
(b,3).
if e=(ݒସ ǡ ݒହ ሻ, then imbS(e)= (min{ bǡ ܾ} , ܾ݅݉ீ ሺ݁ሻ) =
(b,1).
if e=(ݒଵ ǡ ݒସ ሻ, then imbS(e)= (min{ bǡ b} , ܾ݅݉ீ ሺ݁ሻ) =
(b,2).
S
irrS(G ) = σאா ܾ݅݉ௌ ሺ݁ሻ=(b+b+b+b+b+b , 8) = (c, 10).
ଵ
S
Now TirrS(G ) = (݉݅݊୳א ߪሺݑሻ,
ଶ
σ௨ǡ௩א ȁ݀݁݃ீ ሺݑሻ െ ݀݁݃ீ ሺݒሻȁ) =
ଵ
ଵସ
(a, (0+1+2+1+1+2+1+3+2+1 )=(a, )
ଶ
ଶ
= (a,7)..
S
Remark 3.27. degimbS(e) = wtimbS(e) = ImbS(e) if G
is (a,k) regular with aאS as an idempotent element.
Conclusion:
The further study is on irregularity
of S-valued graphs discussed in this paper.
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