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Abstract: This paper presents theorems on congruence relation on A%- algebras.
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Definition 1: An algebra (A, A%, (=), (=), 1) is an A*-algebra if it satisfies:

a,Vv{a,) =1, (a,); =a, whereavb = (@a~Ab™)"~
a,vb,=b,va,

(@, Vb ve,= a,vib,vc,)

(@, Abovia, Ab) )= a,

(@aAb)=a; Ab,, (a Ab)?=a" v b where

a* =(a,va )"

a”, =(a; va")~,a ¥ = a*

(@*b)y= az,(@a*b)*=(a)”" A (b™)"
a=bifand only if a, = b, , a" = b¥.

We write 0 for 17, 2 for 0 * 1.

Remark: The motivation for the operation = is the “disjointifica-tion” of the
familiar rectangular bands of semigroup theory which provide an equational way of
the composing a set into a Cartesian product with two factors.

Example: 3={0, [, 2} with the operations defined below is an A*- algebra.

« |0 1 2 x Jo1 2
0olo 2 2 x 110 2
Fl1 11 % (01 0
210 2 2 x¥ 100 1

Note: From Definition 1 (i) through (iv) and Huntington's Theorem B(A)= {a, | a
€ A} is a Boolean algebra with A, V,(—)", 0 and a = B(A)= a,=a. Since 1, 0,
(a)™ €B(A), we have 1,=1, 0,=0, (a,) =(a,)"~ and a, A a*=0, a + 0=a_ .

Lemma 1: For any X, y, z in an A*- algebra

X =X
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(KAY)Z=0CA P VEAY ) V(ETAY ),
XVY)r =ETA YR VEAY ) VEAY);,
XAMyVZ)=(XAYIV(XAZ).

Lemma 2: For any x,y in A

(x= Y)~n=(xn)~/\(y~)n

X=X # (X7) " =(x) * xF

Ifx=e«f wheree, f & B{A),e Af=0, thenx, = g, =t

Theorem 1: Every A*-algebra (A, A, #, (). (=), 1) satisfies the following
conditions:

Forx,y,zin A

XAYAZ=(XAYAZ

XAYy=¥yAX

XAX=X

TAx=x

X7 =X

XA VI =(x AV VI{XAz)where xVy=(x" Ay}~
1.=1

{(Xn)~]n = (xﬂ)~
(XAY)=Rz AV
{(xAx™),=0 where 17=0
X MK, V V)= X,
(x Ayy—n =(X A y~)rt V(X" A Y)n v (X~ A yw)n
(Xrt)n =X
(X*¥)n =Xy
(x # ¥) 7=(X ) A D
X = Xp ok (X7)”

E.G, Manes around 1989, in a rough draft of his paper entitled “The Equational
Theory of Disjoint Alternatives”, the algebra (A, A, *, (=), (=), 1) satisfying
Th.1(i) through (xvi) called as an ada, which however differs from the definition of
an ada.

Theorem 2: An algebra (A, A, * (—)7,{—)p 1) satisfying axioms of the above
theorem is an A*-algebra.

Definition 2: Let (A, A, (=), (=), 1) be an A*-algebra and A/S A, A, 15
called a sub A*-algebra of A if A; is closed under A, (=)™, (=)0 0, L.

Definition 3: Let (A, A, V,(—)~, (=) *.,1) and
(A, A, V()" () *,1) be A*- algebras, A mapping f: A;—=A; is called an A*-
homomorphism if

(i) faAb=f@Afb) (D f(a * b)= f(a) = f(b)
(i) f(an)= (f@))x (iv) fta™)= (f(a))”
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v) f(hH=1 (vi) f0)=0.

If in addition f is bijective, then f is called an A*-isomorphism, and A,, A, are said
to be isomorphic, denote in symbols A; =A,.

Definition 4: A congruence relation @ on an A#-algebra is an equivalence relation
on A satisfying

(i) apb=>a,0b,.a’@db", a~gb~
(ii adb,cPd=2>(axc)B(b=d),(anc)d(bAad).

Note: Definition 4 is equivalent to

(i) agb=>a"¢h"~
(ii) aPb,cBd=aA)D(bAD)
(ifiadb,cBd=(arc)@ (b=d).

Theorem 3: Let @ be a congruence relation on an A*-algebra A. Then A/Q =
{@(a) la€ A} is an A*- algebra where operations are defined as follows:

i) 9G@)ABMbL)=0(EAD)
(i) @@ =0(")

(iii) Q(a)n = Q)(an)

(iv) @) * §(b) = d(a = ).

Theorem 4: Suppose A is an A*-algebra and @ is a congruence relation on A.
Suppose 6 is another congruence on A. Define 8y, : A/@ ~» A/0 as 3y = Fy. Then

9479 1s a map if and only if @ S 0. So, in this case 99/0: 8y — Ay is a unique map
such that
9o
A ———p A/B

g
'SB/Q 88/9‘90 =y
is commutative,

AfD

Proof: Claim: 84,4 isamap © @ C 0.
Suppose Yys5 : A/@ — A/O by 3y = Fg is a map.

(3, b)E @ = 3, = by = @y = by (since Yy/4 is a map)
= (a,b)E B,
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Therefore @ < 6,
Conversely suppose that ¢ C 0.

Claim: 8,3 : A/® — A/8 by dg — d; is a map.

Suppose 35 = by = (a,b)€ @ =(a, b)E 6 (~ @ < 8) = 3y = by,

Therefore 9y is well defined. Therefore 8,4 is a map.
The diagram is commutative:

Leta€ A.
(85,6903 (@) = 99,0 (80 (a)) = 85/0(Tp) = 8o = F(2)
Therefore 8y/p9g = 3.
%40 1s unique:
Let $:A/% — A/0 be a map such that 39y = 9p.Let 85 € A/0.
S070(3s) = %9/5(8p()) = (Bg,0%0)(a) = 8p(a) = (89)()
= 8(8y(a)) = 8(@p).

Therefore 8y, = 9.

Therefore 954 is unique.
Claim: 3y,4 is 2 homomorphism.
Let ﬁg,b@ S A/@
84,085 ADy) =9g/s((@AD)g)= (@ Ab)g =dy A by

B = 8/0(2) A Bg/6(b)
9e/0(@p * by) = g/s((@ *b)g)=(a * b)g =ap = by

= 8g/0(a) * 9g/p(b)

95/6(@pr) = Do/p(Ang) = Ane = Ap, = Jp0(@p)n
B0/0(8g ) =Dg/p(a7p) =37 =g = g/p(30)"~
and \99/9(09}) = Og N ‘83/;5(1@) = Ig 5 199/.3(2@) = 29.

Therefore 3y, is a homomorphism.
Clearly 3y is surjective.

Claim: 9 /4 is injective < 0= @.
Suppose g, is an injective.

Claim: 8= @.

Clearly ¢ < 8.

(a, b)E 8 = Ay = by = g /p(dp) =9p/p(by)
= Fp= Bm (since g, Is an injective)
= (a, b)E @.

Therefore 8 < §.
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Therefore 6= @,
Conversely suppose B= @.

Claim: 94 4 is an injective.

Suppose 9g,4(2p) ISB/Q(EQ) = @y = by =(a,b) € 6
= (a, b)E @ (since 6= B)
= 5@ = b@.

Therefore 8y, is injective.
Note: 6/@ ={ 4y € A/® |3 = Og}. This is also called kernel of 9g,5.

Note: Define 8/% = {(3y, bp)| g, by € A/@ and 3y = bg}. 6/0 is also called
kernel of Jg .

Theorem 5: 0/@ is a congruence relation on A/@.

Proof: (3, by) € /0 & &g = by,
Clearly 8/% is an equivalence relation.

Suppose (3g,bg) € 6/8, (T, dg) € 6/0.
ﬁﬁgzsg,ﬁgﬁag
=abb,cBd
= asc)BbAad)
= @ACg=(bAd),
=>(ta/\c}®, (m)g)eefm
25(59/\6@,5‘3/\&@)6 9/(3

Suppose (3g, bg) € 8/0, (€4, dg) € 6/9.
=dg=Dhy.Cg=dg=abb,chd
S(axc)Bb=d) =@ s =(b*d)y
= ((@F0), (bxd)g) € 0/0
= (3p * €y, by *dg) € 8/0.

Suppose (dg, by} € 8/0 = 35 = by = dg = BB",EBK = Bgﬁ
= a"g = Db7g, Ay, = Dy
= (?(5 ) H:@), (5-,;@, Bn@) € 9/@
= (35", bg"), @gn. Dyr) € 6/0.

Therefore 8/0 is a congruence relation on A/@.

Theorem 6: Suppose 0,, 8, arc two congruences on an A¥-algebra A such that
8; 2 ©,0; o @. Then 8, 2 6, if and only if 6,/ D 0,/@. In particular, 8,/0 =
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8./@ implies 8, = 0,.
Proof: Suppose 8; 2 6,.

Claim: 0,/0 > 0,/%.
Suppose (3, bg) € 0,/0 =5 Fg, = Eez = (a,b) € 8,
= (a,b) € B, (since 8; 5 0;)
= dg, = by, = (3, by) € 0,/0.

Therefore 8,/¢ o 8,/9.

Conversely suppose 8,/@ 2 8,/@.

Claim: 8; 2 8,.

(a,b) € 8, = 3@y, = by, = qy, = bg, (since 8,/0 > 8,/0)
= (a,b) €0,.

Therefore 8, 2 B,.

Therefore 8; = 6, < 8,/0 2 0,/¢.

Clearly, 8,/0 = 8,/0 & 8; = 0,.

Theorem 7: Any congruence B on A/$) has the form 8/@, where 8 is a congruence
relation on the A*-algebra A such that 8 © @,

Proof: Suppose 8 is a congruence on A/@.
Define 8 ={(a, b} |a, b € A, (g, by) € 8}.

Claim: 0 is a congruence on A.
Clearly 8 is an equivalence relation.
Suppose (a, b), (c, d) € 8 = (F4,bg), (T, dp) €0
= (ag A Tp ,Em A ag) € B( B is a congruence)
= (@A BAd)) €D
={aAc,bAd)ED.
Suppose (a, b), (¢, d) € B = (@g, by), (Tp, dg) € 6
= (g * Ty, bg * dg) € 8 (= B is congruence)
= ((@¥T)g, (b*d)g) €D
=({asc,b*xd)€ 0.
Suppose (a, b) € 8 = (ag, bg) € B
= (ag~,bg ) € 8 (~ Bis a congruence)
= (@ g,b ) €D
=(a~,b™ye 0.
Suppose (a,b) € § = (dg,bg) €O
= (Agm. Dare) € 8 (since B is a congruence)
= (ﬁﬂ@, Bﬂ@) [ §
={a,b) € 6.
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Therefore 8 is a congruence relation on the A*-algebra A,
Claim: 8 =0/0.
(Eg,bg) €D =(a,b)eEb < dg = BB « (ﬁ@, E@) € 0/0.

Therefore 6 = 8/¢.
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