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FIXED POINTS RESULT ON THREE G-METRIC SPACES
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Abstract : In this paper, we prove a unique fixed point result for composite mappings defined in three different
G-metric spaces not all of which need to be continuous. Our result is the improvement of various results

already existing for two and three metric spaces.

Keywords : Complete G- metric space, Fixed point ,G-Cauchy sequence , Mapping ¢ .

Introduction : It is well known that the contractive
type conditions play an important role in the study of
fixed point theory. The first intrusting result on fixed
point for contractive type mappings was established
by Banach Caccioppoli in 1922. The Banach
contraction principle has been generalized by many
mathematicians Kannan [7], Chatterjea [1], Sehgal
[9].

Further Hardy and Rogers [5], Ciric [3], Singh [10]
define some new contraction conditions in metric
space. Fisher and Rao [4] , Khan et.al [8] , Jain R.[6]
proved some fixed point results in two and three
metric spaces.

Mustafa in collaboration with Sims [10] introduced a
new notation of generalized metric space called G-
metric space in 2006. He proved many fixed point
results for a self mapping in G- metric space under
certain conditions. Many researchers W. Shatanawi
[11], Z. Mustafa [12] -[13] proved fixed point theorems
satisfying certain contractive conditions in G-metric
space.

In the present work we prove a unique fixed point
result for three composite mappings in three
complete G- metric spaces under certain contractive
condition.

Now, we give preliminaries and basic definitions
which are used through-out the paper.

Definition 1.1: Let X be a non empty set, and let

G:XxXxX—>R" be a function satisfying the
following properties:

(G,) G(x,y,2)=0 if x=y=2z(G,)
0<G(x,x,y)forallx,y € X ,with x#y
Definition 1.4 : Let (X, G) be a G - metric space. A

sequence {x, } is called a G - Cauchy sequence if for

any €>0 there exists k€N such that
G(x,,x,,x)<e for allmnl>k, that is
G(x,,x,,x,)—>0as n,m,l - +oo.

Proposition 1.5 : Let (X,G) be a G - metric space
.Then the following are equivalent:
i) The sequence {x,} is G - Cauchy;

ii ) For any €> Othere exists k€ N such that
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(Gy) G(x,x,y)<G(x,y,z) for
allx,y,ze X ,with y # z

(G,) G(x,y,2)=G(x,2,y) = G(y,2,X)

(Symmetry in all three variables)
(G5) G(x,y,2)<G(x,a,a)+G(a,y,z) , for all
X,y,z,a € X (rectangle inequality)
Then the function G is called a generalized metric
space, or more specially a G- metric on X, and the
pair (X, G) is called a G-metric space.
Definition 1.2 : Let (X,G) be a G - metric space

and let {x, }be a sequence of points of X , a point
X € X is said to be the limit of the sequence {x, }, if

lim G(x,x,,x,)=0, and we say that the

n >0
sequence {x, } is G - convergentto X or {x,} G-
converges to X .

Thus, x, = x in a G - metric space (X,G) if for
any €>0 there ke N
G(x,x,,x,) <€ ,forall m,n=>k

exists such that
Proposition 1.3 : Let (X, G) be a G - metric space.
Then the following are equivalent:

i) {x } is G - convergent to x

i) G(x,,x,,x) >0 as n > 4o

iii ) G(x,,x,x) = 0 as n — +o©

iv)G(x,,x,,x) =0 as n,m—+0

m?

G(x,,x

Proposition 1.6 : A G - metric space

X, ) <€ forall m,n>k

(X,G) is
called G -complete if every G -Cauchy sequence is
G -convergent in (X, G).

Proposition 1.7 : Let (X,G) be a G-metric space.
Then f:X — X is G-continuous at x € X , if and
only if it is G-sequentially continuous at x , that is ,
whenever {x, }is G-convergent to x , { f (x”)} is G-
convergent to f(x).

Definition 1.8 : Let ¢:R" — R" be a mapping
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such that
i) ¢ isincreasing i) ¢(¢) <t , forall #>0 and

iii) lim@"(¢)=0, where ¢@"(¢)denotes the
n—0

composition of @(¢) with itself n-times.
2. Main Result :

G, (fghx,, fahx, , fehx;)

_Gl (xl,xz,x3 ),

G, (x,, fehx,., fghx,),
G, (xz, fghx,, fghx, ), --(2.1.1)
G, (x;, fghx,, fghx,)

1
G, (hxl ,hx, , hx, ),
| Gy (ghx,, ghx,, ghx) |
G, (hfz v, hfzy,, hfgy;)
G (ylvyzvys)
G, (v, ey, hfgy, ),
G, (v, Wgy, . hfgys ), || ~(212)
(y3,hfgy3,hfgyl),
3(8y1=8y2,gy3),
|G, (fgy,, fav,, favs) |
G, (ghtz,, ghtz, , ghz; )

_G3 (Z Z,,Z, ), ]
z,, ghfz,, ghfz, ),
z,,8hfz,, ghfz,
zy, 8hfzy, ghfz,

Z), /2, ,fZ3)
G, (hfz,, bz, hfzy) |
for all x,,x,,x, eX | yl’y2’y3€Y and

< ¢y max .

< ¢y max.

N—

b || -(213)

\_/

b

ol
< ¢qmax. (
Gi(

Z,,Z,,Z; € Zand ¢ is a mapping as given by
Definition1.8 : Then fgh has a unique fixed point
uin X, /fg has a unique fixed in vin Y and ghf
has a unique fixed w in Z.

Proof : Let x, be an arbitrary point in X. Define
sequences {xn} , { n} and {Zn} inX,YandZ
respectively as follows:

yn :hxnfl ’ Zn :gyn’ xn :ﬁn fOI‘

Applying inequality (2.1.1) , we have ,
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Theorem 2.1: Let (X,G)), (¥,G,) and (Z,G;) be

three complete G-metric spaces. If / is a continuous
mapping of X into Y, g is a continuous mapping Y

into Z and f is a mapping of Z into X satisfying the
following inequalities:

G,(x,.x,,.%,.,) =G (fehx, . fehx,, fghx,,, )

_Gl(anx xn+l)
G,(x,.,. fghx, . fghx, ).

(x,. fghx, . fghx,, ),

< ¢<max.

Gl ('xn—l 4 'xn 4 xn+l )’ Gl ('xn—l H 'xn H xn+l )’
= ¢ max. Gl (xn ’xn+1 7'xn+2 )’ Gl ('xn+1 ’xn+27xn )’

_Gz(ynayn+l7yn+2)7G (Zn’Zn+17Zn+2)

Gl ('xnfl 4 'xn 4 xn+1 )’
= $<max | G, (¥, 1Y,V )| { -(214)
| G, (z zZ .,z )

n—1°“n°“n+l

Applying inequality (2.1.2) , we can write

Gy (¥, Vi V)= Go W2y, hf2y, b2y, )
(G, (V10700 Yt ) |
G, (v, gy, by, )
(V. b2y, W2y, )
(

S¢ max. 2 yn+17hfgyn+l7hfgynl)

3 gynﬂgyn’gynHJ’

G
G
G
_Gl(fgyn—l’fgyn7fgyn+l) a

Z(yn17yn7yn+1)’_
Z(yn17yn7yn+l)
(Vs Vs Vs )
Z(yn+1’yn+2’yn)’
3(Zn17Zn’Zn+1)
(5%, %,00) |
(15,00, )

2 (yn 1 yn ’ yn+1 ) _"_(2"1'5)

3( n—12 n’ n+1)

vy

= ¢{max| ’

G
G
G
G
G
|G
G
=¢<max |G
KE;
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Also applying inequality (2.1.3) , we will have

GS(Zn Zn+l’Zn+2) (ghﬁn ]’ghﬁn’ghﬁn+])
_G3(Zn 1525 Zn+]) |
G (Zn ]’ghfzn ],ghfZ )

< G3( n’ghfzn’ghfzn+])’

< ¢{max.
G3 (Zn+] H ghonH H ghon_l )a
G, (f 2t JZ0s 20 )’
_G2 (hfzn—] H hfzn ’hfzn+] )
_G3( n—12 n’ n+])’_
G3(Zn 152 1)a

_ G3(Zn’ n+]’ n+2)’

=¢{max.
G3(Zn+l’ n+2’ )’
Gl('xn—l’xn’xn+l)’
_GZ(yn’yn+l’yn+2)_

.}

and {Zn} are G - Cauchy sequences with limits u , v

Since limg”"(z) =0 , it follows that {xn} ,
n—ow

and win X, Y and Z respectively.
Since h and g are continuous , we have

limy,=lmhx,, =hu=v and
n—0 n—o0

limz, =limgy, =w

n—0 n—0

Again by using inequality we can write ,

G, (fghu,fghu,xn ) =G, (fghu,fghu,fghxm1 )
G (wu,x, )., (u, fghu, fahu),

<¢pimax | G, (u, fghu, fghx, ,),G,\(x, ,, fghx, ,, [ghu),
G, (hu, hu,hx, ), G, (ghu, ghu, ghx, )

G (u u,a),

G, (u, fghu, fghu),
(u, fghu, feha),
(o, feha, fghu),
L (hu, hu, her),
J(ghu, ghu, gha) |

G, (hu, hu, hat),
=@ max, --
G, (ghu, ghu, gha)
(2.1.7)

Again by using inequality (2.1.2) , we have

G, (hu, hu,ha) = G, (hfghu, hfghu, hfgha )

<¢{max .
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:¢{ >{C%(xn—l’x xn+l) Cé(yn—l’ynayn+1),j|}
ma (2.1.6)
Glz,1:257,0)

Now , By induction on using inequalities (2.1.4) ,
(2.1.5) and (2.1.6) , we will have

G(x09x19x2)
max | G, (¥ 1. 7,):
(Z z, Zl)
(x09x19x2)a

max . Gz(ygaylayz)’
G3(ZO>ZI’ZZ)

G, (x%g>%,5%, ),

max . Gz(yo,pr’z ),
G3(20921’ZZ)

Gl ('xn 4 'xn+l 4 xn+2 )S ¢”

GZ(yn’ynH’yn+2)S ¢”

G3 (Zn 4 Zn+1 4 Zn+2 )S ¢”

Since g and h are continuous , so on taking limit as
n —> o0 in the above inequality , we get

G, (fghu,fgku,u)SqS(Gl (u,fgku,fgku)) , which
implies that fghu =u,as ¢(¢) <t.

Hence u is a fixed point of fgh .

We also have , hfgv =
fixed point of Afg

and ghfw=ghfgv=gv=w , ie. w is a fixed
point of ghf .

Now , we prove the uniqueness of the fixed point u.
Let us assume that & is another fixed point of fgh .

hfghu=hu=v ,ie v isa

Therefore by using inequality (2.1.1) we can write ,

G, (u,u,a) =G, (fghu, fgku,fgka)
"G, (hu, hu, ha),

G, (hu, hfghu, hfghu),
 (hu, hfghu, hfgha),
,(ha, hgha, hfghu),
3(ghu,ghu,ghoc),
| G, (fehu, fehu, feha) |

<¢{max.

G
G
G
G

0

--(2.1.8
G, (ghu,ghu,gha)}} (218)
Hence by using (2.1.7) and (2.1.8) , we have

G, (u,u,a) <(15(G3 (ghu,ghu,gha))

Also finally using inequality (2.1.3) we can write

G, (u,u,a) <¢(G; (ghu, ghu, gha))
=¢(G, (ghfghu, ghfghu, ghfgha))
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_G3 (ghu, ghu, gha),

G, (ghu, ghfghu, ghfghu),
J(ghu, ghfghu, ghfgha),
(

G
<¢’ {max.

G,(gha, ghfgha, ghfghu),

G, (fghu, fghu, fghe),

G, (hfghu, hfghu, hfgho )
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