
 

 

 

FIXED POINTS RESULT ON THREE G-METRIC SPACES 
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Abstract : In this paper, we prove a unique fixed point result for composite mappings defined in three different 
G-metric spaces not all of which need to be continuous. Our result is the improvement of various results 
already existing for two and three metric spaces. 
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Introduction : It is well known that the contractive 
type conditions play an important role in the study of 
fixed point theory. The first intrusting result on fixed 
point for contractive type mappings was established 
by Banach Caccioppoli in 1922. The Banach 
contraction principle has been generalized by many 
mathematicians  Kannan [7], Chatterjea [1], Sehgal 
[9]. 
Further Hardy and Rogers [5], Ciric [3], Singh [10] 
define some new contraction conditions in metric 
space. Fisher and Rao [4] , Khan et.al [8] , Jain R.[6] 
proved some fixed point results in two and three 
metric spaces. 
Mustafa in collaboration with Sims [10] introduced a 
new notation of generalized metric space called G- 
metric space in 2006.  He proved many fixed point 
results for a self mapping in G- metric space under 
certain conditions. Many researchers W. Shatanawi 
[11], Z. Mustafa [12] -[13] proved fixed point theorems 
satisfying certain contractive conditions in G-metric 
space.  
In the present work we prove a unique fixed point 
result for three composite mappings in three 
complete G- metric spaces under certain contractive 
condition. 
Now, we give preliminaries and basic definitions 
which are used through-out the paper. 
Definition 1.1: Let X be a non empty set, and let 

+→×× RXXXG :  be a function satisfying the 
following properties: 

)( 1G  0),,( =zyxG  if  zyx == )( 2G

),,(0 yxxG< for all Xyx ∈, ,with  yx ≠  

)( 3G  ),,(),,( zyxGyxxG ≤  for  

              all Xzyx ∈,, , with zy ≠  

)( 4G  ),,(),,(),,( xzyGyzxGzyxG ==     

         (Symmetry in all three variables) 

)( 5G  ),,(),,(),,( zyaGaaxGzyxG +≤  , for all 

Xazyx ∈,,,   (rectangle inequality) 

Then the function G is called a generalized metric 
space, or more specially a G- metric on X, and the 
pair (X, G) is called a G−metric space. 

Definition 1.2 : Let ),( GX  be a G - metric space 

and let }{ nx be a sequence of points of X , a point 

Xx∈ is said to be the limit of the sequence }{ nx , if  

0),,(lim
,

=
+∞→

mn
mn

xxxG , and we say that the 

sequence }{ nx  is G - convergent to x  or  }{ nx  G -

converges to x .  

Thus, xxn →  in a G - metric space ),( GX  if for 

any 0∈>  there exists Nk∈  such that 

<∈),,( mn xxxG  , for all knm ≥,  
Proposition 1.3 : Let ),( GX  be a G - metric space. 

Then the following are equivalent: 

 i ) }{ nx  is G - convergent to x  

ii ) 0),,( →xxxG nn  as +∞→n  

iii ) 0),,( →xxxG n  as +∞→n  

iv ) 0),,( →xxxG mn  as  +∞→mn,  

Definition 1.4 : Let ),( GX  be a G - metric space. A 

sequence }{ nx  is called a G - Cauchy sequence if for 

any 0∈>  there exists Nk∈  such that  

<∈),,( lmn xxxG  for all klnm ≥,, , that is 

0),,( →lmn xxxG  as  .,, +∞→lmn  
Proposition 1.5 : Let ),( GX  be a G - metric space 

.Then the following are equivalent: 

  i ) The sequence }{ nx  is G - Cauchy; 

ii ) For any 0∈> there exists Nk∈  such that 

<∈),,( mmn xxxG  for all knm ≥,  
Proposition 1.6 : A G - metric space  ),( GX  is 

called G -complete if every G -Cauchy sequence is 

G -convergent in ),( GX . 

Proposition 1.7 : Let ),( GX  be a G-metric space. 

Then XXf →:  is G-continuous at Xx∈  , if and 

only if it is G-sequentially continuous at x  , that is , 

whenever }{ nx is G-convergent to x , { })( nxf   is G-

convergent to )(xf . 

Definition 1.8 : Let 
++ → RR:φ  be a mapping 
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such that  

i) φ  is increasing     ii) tt <)(φ  , for all 0>t  and  

iii) 0)(lim =
∞→

tn
n

φ , where )(tnφ denotes the 

composition of  )(tφ  with itself  n-times. 

2. Main Result : 

Theorem 2.1: Let ),( 1GX , ),( 2GY  and ),( 3GZ  be 

three complete G-metric spaces. If h is a continuous 
mapping of X into Y , g  is a continuous mapping Y 

into Z and f  is a mapping of Z into X satisfying the 

following inequalities: 

( )
( )
( )
( )
( )
( )
( ) 
























































≤

3213

3212

1331

3221

2111

3211

3211
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,,,

,,,

,,,

.max

,,

ghxghxghxG

hxhxhxG

fghxfghxxG

fghxfghxxG

fghxfghxxG

xxxG

fghxfghxfghxG

φ
--(2.1.1) 
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( )
( )
( )
( )
( ) 
























































≤

3211

3213

1332

3222

2112

3212

3212

,,

,,,

,,,

,,,

,,,

,,,

.max

,,

fgyfgyfgyG

gygygyG

hfgyhfgyyG

hfgyhfgyyG

hfgyhfgyyG

yyyG

hfgyhfgyyhfgG

φ
--(2.1.2)

( )
( )
( )
( )
( )
( )
( ) 
























































≤

3212

3211

1333

3223

2113

3213

3213

,,

,,,

,,,

,,,

,,,

,,,

.max

,,

hfzhfzhfzG

fzfzfzG

ghfzghfzzG

ghfzghfzzG

ghfzghfzzG

zzzG

ghfzghfzghfzG

φ
---(2.1.3) 

for  all Xxxx ∈321 ,,  , Yyyy ∈321 ,,  and 

Zzzz ∈321 ,, and φ  is a mapping as given by 

Definition1.8 : Then fgh has a unique fixed point 

u in X , hfg has a unique fixed in v in Y and ghf  

has a unique fixed w in Z. 

Proof : Let 0x  be an arbitrary point in X. Define 

sequences { }nx  , { }ny  and { }nz  in X , Y and Z  

respectively as follows: 

1−= nn hxy  , nn gyz = , nn fzx =   for 

−−−−−= ,3,2,1n  

Applying inequality (2.1.1) , we have ,  

( ) ( )111211 ,,,, +−++ = nnnnnn fghxfghxfghxGxxxG  

( )
( )
( )
( )
( )
( ) 
























































≤

+−

+−

−++

+

−−

+−

113

112

1111

11

111

111

,,

,,,

,,,

,,,

,,,

,,,

.max

nnn

nnn

nnn

nnn

nnn

nnn

ghxghxghxG

hxhxhxG

fghxfghxxG

fghxfghxxG

fghxfghxxG

xxxG

φ  

                

( ) ( )
( ) ( )
( ) ( ) 
































=

++++

++++

+−+−

213212

211211

111111

,,,,,

,,,,,,

,,,,,,

.max

nnnnnn

nnnnnn

nnnnnn

zzzGyyyG

xxxGxxxG

xxxGxxxG

φ
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( )
( ) 
































=

+−

+−

+−

113

112

111

,,

,,,

,,,

.max

nnn

nnn

nnn

zzzG

yyyG

xxxG

φ  ----(2.1.4) 

Applying inequality (2.1.2) , we can write 

( ) ( )112212 ,,,, +−++ = nnnnnn hfgyhfgyhfgyGyyyG
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( )
( )
( )
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−−
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111
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,,,

,,,
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nnn

nnn

nnn

nnn

fgyfgyfgyG

gygygyG

hfgyhfgyyG

hfgyhfgyyG

hfgyhfgyyG

yyyG

φ  
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( )
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+−

+−

++

++

+−

+−

1̀11

113

212

212

112

112

,,

,,,

,,,

,,,

,,,

,,,

.max

nnn

nnn

nnn

nnn

nnn

nnn

xxxG

zzzG

yyyG

yyyG

yyyG

yyyG

φ    

( )
( )
( ) 
































=

+−

+−

+−

113

112

111

,,

,,,

,,,

.max

nnn

nnn

nnn

zzzG

yyyG

xxxG

φ  ----(2.1.5) 
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Also applying inequality (2.1.3) , we will have 

( ) ( )113213 ,,,, +−++ = nnnnnn ghfzghfzghfzGzzzG             
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( )
( )
( )
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,,,
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nnn

hfzhfzhfzG

fzfzfzG

ghfzghfzzG

ghfzghfzzG

ghfzghfzzG

zzzG

φ  
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( )
( )
( ) 
























































=

++

+−

++

++

+−

+−

212

111

213

213

113

113

,,

,,,

,,,

,,,

,,,

,,,

.max

nnn

nnn

nnn

nnn

nnn

nnn

yyyG

xxxG

zzzG

zzzG

zzzG

zzzG

φ  

( ) ( )
( ) 
















=

+−

+−+−

113

112111

,,

,,,,,,
.max

nnn

nnnnnn

zzzG

yyyGxxxG
φ  (2.1.6) 

Now , By induction on using inequalities (2.1.4) , 
(2.1.5) and (2.1.6) , we will have 
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( )
( )
( ) 
































≤++

21103
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2101
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,,

,,,

,,,

.max,,

zzzG

yyyG

xxxG

xxxG n

nnn φ  

( )
( )
( )
( ) 
































≤++

2103

2102

2101

212

,,

,,,

,,,

.max,,

zzzG

yyyG

xxxG

yyyG n

nnn φ  

( )
( )
( )
( ) 
































≤++

2103

2102

2101

213

,,

,,,

,,,

.max,,

zzzG

yyyG

xxxG

zzzG n

nnn φ  

Since  0)(lim =
∞→

t
n

n
φ  , it follows that { }nx  , { }ny  

and { }nz  are G - Cauchy sequences with limits u , v  

and  w in X , Y and Z respectively. 
Since h and g  are continuous , we have  

vhuhxy n
n

n
n

=== −
∞→∞→

1limlim  and  

wgyz n
n

n
n

==
∞→∞→

limlim  

Again by using inequality we can write , 

( ) ( )111 ,,,, −= nn fghxfghufghuGxfghufghuG                              

( ) ( )
( ) ( )
( ) ( ) 
































≤

−−

−−−

−

1312

11111

111

,,,,,

,,,,,,

,,,,,,

.max

nn

nnn

n

ghxghughuGhxhuhuG

fghufghxxGfghxfghuuG

fghufghuuGxuuG

φ

Since g and h  are continuous , so on taking limit as 
∞→n  in the above inequality , we get 

( ) ( )( )fghufghuuGufghufghuG ,,,, 11 φ≤  , which 

implies that ufghu = , as tt <)(φ . 

Hence  u  is a fixed point of fgh . 

We also have , vhuhfghuhfgv ===  , i.e.  v  is a 

fixed point of  hfg  

and  wgvghfgvghfw ===  , i.e. w  is a fixed 

point of  ghf . 

Now , we prove the uniqueness of  the fixed point  u . 

Let us assume that α  is another fixed point of  fgh . 

Therefore by using inequality (2.1.1) we can write , 

( ) ( )αα fghfghufghuGuuG ,,,, 11 =  

( )
( )
( )
( )
( )
( ) 
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3

2
 --

(2.1.7) 
Again by using inequality (2.1.2) , we have 

( ) ( )αα hfghhfghuhfghuGhhuhuG ,,,, 22 =  
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,,,

,,,

,,,

,,,
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1

3
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=

α

α
φ

ghghughuG

uuG

,,

,,,
.max

3

1
 --(2.1.8) 

Hence by using (2.1.7) and (2.1.8) , we have 

( ) ( )( )αφα ghghughuGuuG ,,,, 31 <  

Also finally using inequality (2.1.3) we can write  

( ) ( )( )αφα ghghughuGuuG ,,,, 31 ≤  

                  ( )( )αφ ghfghghfghughfghuG ,,3=      
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,,
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2

132
 

( )( )αφ ,,1

2 uuG=  

Since tt <)(φ  , it follows that α=u  and hence the 

uniqueness of  u is proved. 
Similarly we can prove that  v  is the unique fixed 

point of  hfg  and w is  the unique fixed point of  

ghf .
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