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p-CONTINUOUS FUNCTIONSON GENERALIZED TOPOLOGYAND CERTAIN ALLIED
STRUCTURES
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Abstract: The aim of this paper is to introduce (i,-11,)-continuous functions on generalized topology and to
give some new results concerning generalized topological space. We obtain some characterizations and several
properties of such function. This paper takes some investigations on generalized topological spaces with p-

open sets.
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Introduction: In 1963, Levine[1i0] introduced and
investigated the semi open sets and semi continuous
functions. In 1987, Bhattacharyya and Lahiri [1] used
semi open sets to define and investigate the notion of
semi generalized closed sets. The origin for the
development in the field of strong generalized
topological spaces (X, p) is N. Levine's work of [10].In
topology weak forms of open sets play an important
role in the generalization of various forms of
continuity. Using various forms of open sets, many
authors have introduced and studied various types of
continuity.

Generalized topology (X, p) was first introduced and
studied by A.Csaszar [4]

2.Preliminaries: Let X be a set. A subset p of exp X
is called a generalized topology on X and (X, p) is
called a generalized topological spaces [4] (abbr.GTS)
if p has the following properties: (i) ¢ e g,
(ii)Any union of elements of p belongs to p.
Generalized topological spaces is an important
generalization of topological spaces, and many
interesting results have been obtained. Throughout
this paper, a space (X, p) or simply X for short, will
always mean a strong generalized topological spaces
with strong generalized topology p unless otherwise
explicitly slated. Here, a generalized topology p is
said to be strong [5] if X € p. For the space (X, p), the
elements of p are called p- open sets and the
complement of p- open sets are called p- closed sets.
For AcX, we denote by c,(A) the intersection of all p-
closed sets containing A, that is the smallest p- closed
set containing A, and by i,(A), the union of all p-
open sets contained in A, that is the largest p- open
set contained in A. It is easy to observe that c,and i,
are idempotent and monotonic, where y:exp X—exp
X is said to idempotent if and only if AcB=X implies
Y(y(A)) = y(A) and monotonic if and only if AcB=X
implies y(A) < y(B). It is also well known that from
[6,7] that if pu is a generalized topology on X and AcX,
xeX then xecy(A) if and only if xeMeu=>MnA # ¢
and ¢, (X-A) = X—i,(A).

Let Bcexp X and ¢ € B. Then B is called a base [5] for
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p if {UB":B'cB}= pn. Wealso say that p is generated by

B. A point x € X is called a p-cluster point of B ifUN
(B—{x}) # ¢ for each Uen with x €U. The set of all

u-cluster point of B is denoted by d(B).

Definition 2.1 Let X be a space and let AcX. The p-

cluster point of A in X is the set A = ¢,(A) = N{K=X/

K is p- closed and AcK}.

Definition 2.2 : If X is a space and ACX, the interior

of A in X is the set i,(A) = U{GCX/ G isp-open and

GCA}L

The notion of p-closure and p-interior are dual to

each other, in much the same way that "p-closed" and

"u-open"” are. Thus any theorem about p -closures in a

space X can be translated to a theorem about p-

interiors.

Notation 2.1 Let X be a spaces. For any x € X, we use

the following notation and Kcexp X.

(1) ne={U:xeUepu}

(ii) (i) NK = N{K: KeK}

(i) (i) UK = U{K: KeK}

(iv) (iv) () = {c(U):Uep,}
(v) NGO = g,

™ G)NG =Nl

(vi) following lemma is easy and we omit the
proof.

Lemma 2.1 For any AcX,

(Diu(A) € A ccy(A).

(i) i,(iu(A)) = 1,(A) and c,(c (A)) =c,(A) .
(iii) 1,(A) = A if and only if A is p-open.

(iv)cy(A) = A if and only if A is p-closed.

(v) 1u(X-A) = X—c,(A) and ) ¢, (X-A) = X—i,(A).

(vi)xec,(A) if and only if UCA for some U€p, .

(vii)xec,(A) if and only if UNA #¢ for eachUE p,.

(viii)xei,(A) if and only if UCA for some U€p,.

Lemma 2.2 Let X be space. If AC BCX , then
cu(A)Ccy(B).

proof: Since BC ¢, (B), if A is contained in B, we have
ACcy(B); since c,(B)is p-closed, we must then
have c,(A) Cc,(B).

Remark 2.1: (1) Thep -closure of a subset A of a
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discrete space X is A itself, which is same as in the
topological space (X,7)(2) c,(¢p) = .
Example 2. :Let X = {abycland let p =
{¢,{a},{b},{a,b}}.Then p-closed sets are X,{a,c},{b,c}
and {c}. If A = {a,b} then A is notp-closed.
Lemma 2.3:If ACBCX, then i,(A) Ci,(B).
proof: It is clear that i, (A)CA, so if ACB, we have
i,(A)CB. Thus, i,(A) is ap-open set contained in
B,s0i,(A) Ci,(B).
Remark 2.2: Let X be a space and let A,A,,B,B, be
subsets of X. Then in general, i (A, NA,) =
iy(A)Ni,(As)and ¢, (B, UB,) # c,(B,) U cu(B,).For, let
X={a,b,c} and letu={¢,X,{a,b},{b,c},{a,c}}.Take A={a,b}
and A,={b,c}. then i,({A, NA,})= i.{b})= ¢But
L(AINL(A) = (2D i,((b.c))
={a,b} N {b,c} = {b}

Now take B,={a} and B,={b}

Then c,({B, UB,}) = ¢,({a,b}) =X

But c,(B,) U c,(B,) = c,({a}) U c,({b})={a}U{b}={a,b}.
The following definition come from [2,8]
Definition 2.3: Let X be a space.

i)Let xeX and Uep,.Then x is called a representative
element of U if UcV for each Vep,
ii)A Space X is called a C,-space if C,=X where C, is
the set of all representative elements of sets of
w.iii)Let xeX. The set Md(x)={Uep,:UdVepu,=U=V}
is called the minimal description of x.
Remark 2.3: [2,8] Let X be a space and let xeX.Ifj,is
finite, then xeC, if and only
if | Md(x) | >where | Md(x) | isthe  cardinality  of
Md(x).The equality of remark 2.2follows by using
sufficient condition, which is in the following lemma
Lemma 2.4 : Let A and B be subsets of a C,-space X.
Then i) i,(ANB) = i,(A)Ni.(B) ii)
c,(ANB) = ¢, (A)Ucy(B)proof: i)By lemma
2.3,i,(ANB)=i,(A)Ni,(B),suppose xei,(A)Ni (B).Then
there are Uepand Vep,such that UcA and VcB.
Since X is a C,-space,we have xeC,. So there is Gep,
such that x is a representative element of G, and
hence GcU and GcV. Consequently, xeGcUNV
cANB. This gives that xei,(A)Ni,(B)ci(ANB).
Thusi(ANB) = i,(A)Ni,(B).

ii) Follows by (i) and lemma 2.1(v)
Lemma 2.5: [11]. Let X be a space. If p is finite, then
the following are equivalent.

i) X is a C,-space

ii)i,(ANB)= i,(A)Ni,(B) for each A,B in exp X.

iii) ¢, (ANB)=c,(A)Uc,(B) for each A,Bin exp X.

Proof :(i)=(ii).It follows from lemma 2.4,
(ii)=(i)-Suppose X is not a C,-space .Then there is an
xeX such that x¢C,By remark 2.3, |Md(x) | >1.50
there are U and V eMd(x) such that U=V, hence xe
Uunv= i,(U)N i (V). On the other hand, for each
Gepy ,GEUNV because U VeMd(x). So x¢i, (UNV).
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This contradicts i,(UNV) =i, (U) Ni,(V).(ii)e(iii).It
holds by lemma 2.1.

Theorem 2.1 Let X be a space and let x € X. Then
cufxh) =X- U (- o).

Proof: Let yec,({x}) = X - i,(X - {x}).Then y¢ i ,({X -
{x}).SupposeUe p,. Then Uz X - {x}, and hence xeU.
That is Uep,. So py, < py, and hence p - pec p- py. It
follows thatU(p-p) cU(p-py). It is easy to see that
yeuU(p-py). So yeu(p - py). Consequently yeX-uU(p-
). On the other hand, let ye X-U(p- ). Then we
have, yec,({x}) by reversing the proof above. This
proves that c,({x}) =X - U(j - ).

Definition 2.4 Let X be a space and let Y be a subset
of X.Define p,={YNU/Uep}.Since ¢ = YN ¢ and Y=
YNX, we have ¢ and Y are contained in p,, where ¢
and X are elements of pAlso

UJ(Ua NY)=( UJUa )N Y contained in py, where

o the index set. Thus,Yis a subspace of SGTS, with
SGT py. Now we observe that, any subspace of a
discrete space is discrete and any subspace of a trivial
space is trivial.
Theorem 2.2 Suppose A is a subspace of a space (X,
). Then
(i) H c Ais p-open if and only if H = G N A,
where G is p-open in X.
(i) Fc Ais p-closed in A if and only if F = K M
A, where K is p-closed in X.(iii)If E C A, then
Cay (E) =A N C,(E).
Proof:
(i) is just the definition of the subspace of
generalized topology on A.
(ii) (ii) follows from (i)
(iii) follows from (ii) and the definition of E as the
intersection of all p-closed sets containing E.
Definition 2.5: A space(X, p) is a generalized door
space if every subset of (X, p) is either p-open or p-
closed.
3. p-open and p-closed mappings
Definition 3.1: Let X and Y be strong generalized
topological spaces. A mapping f: (X, p,)— (Y, W) is p-
open (resp., y,-closed) if the image under f of every -
open (resp., p,-closed) subset of X is ,-open
(resp., p,-closed) subset of Y. If no confusion arise, we
can say, f: X — Y is p-open (resp., p-closed) if the
image under f of every p-open (resp., p-closed) subset
of X is p-open (resp., p-closed) subset of Y.
Example 3.1: Let X = {a, b, ¢}, i, = {d, X, {a, c},{b, c}}
and let Y = {p, q, 1}, . = {db, Y,{p, t},{q, r}}. Define f:
(X, p)—(Y, w,) by f(a) = p, f(b) = q and f(c) = r.Then
p-open subset of X are f(X) =Y, f($) = ¢, f({a, c}) =
{p, r}, f({b, c}) = {q, r}. Thus fis p,-open mapping of X
ontoY.
Example 3.2: On the real line R, define f: R— R by
f(x)=x" for all xe R is not p-open, since we observe
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that (-1,1) is a p-open set, but ((-1,1)) = [0,1) which is
not p-open, but f'is obviously p-closed.

Definition 3.2 Let X and Y be the strong generalized
topological spaces with strong generalized topologies
W, and p, respectively. A function f: X — Y is said to
be (, - ) continuous (or simplyp-continuous if no
confusion arise) if the inverse image of every p,-open
set of Y is p,-open in X.

Example 3.3 Let X = {a, b, ¢}, i, = {¢p, X, {a, c},{b, c}}
and let Y = {p, q, t}, 1, = {}, Y, {p, t},{q, 1}}. Define f:
(X, p) = (Y, w) by f(a) = p, f(b) =q, f(c) = r. Then fis
(W, - p,)-continuous function.

Result 3.1 (i) A (W, - p,)-continuous map need not
send p,-open sets to p,-open sets.(ii) A p-open map
need not be p-continuous. For, if f: (X, y,) — (Y, W) is
p-open iff pc p,, but it is not (y, - p,)-continuous
whenever p# ,.(iii) Constant map is always p-
continuous, because the inverse image of any p,-open
set in Y is either ¢ or X, which are p,-open in
X.Lemma 3.1 Let X and Y be SGTS. If f: X — Y is p-
continuous and p-open then

(e, (A)) =c, (f ' (A)) for every A <.
Proofis easy and so is omitted.
Definition 3.3 A subset A of a space X is pre-p-open
denoted by PO(X, p) if A ciy(c,(A)), and is regular p-
open denoted by RO(X, p) if A = i,(c,(A)).
Definition 3.4 A function f: (X, i,) — (Y, W) is said to
be p-p-open if f(A) € PO(Y, ) for all A € PO(X, ).
Definition 3.5 A function f: (X, p,)— (Y, W) is said to
be pre-p-continuous (resp. semi-p-continuous) if the
inverse image of every p,-open set of Y is pre -p-open
(resp. semi - p -open) in X.
Theorem 3.1 If f: (X, p,)— (Y, W) is (p,-H,) continuous
and p-open then f'is p-p-open.

Proof: Let A € PO(X, ,).Then Aci; (c 1 (A)).
By p-openness and (j,-,) continuity of f, it then
follows  that  f(A)cf(i,; (cy1(A)))iyz (Flcyq (A)))
Ciyp (2 (f(A))). This shows
that f(A) € PO(Y, ).
Theorem 3.2 Let X, Y and Z be SGTS and f: (X, p,) >
(Y, ) and g: (Y, p) = (Z, py) are p-continuous
functions, then g - f: (X, p,) = (Z, ;) is p-continuous.

Proof: If G is py-open in Z, then g~ (G)is p,-open
in Y, by continuity of g. Hence by p,- continuity of f,

ffl [g71 (G)]= (gof)*1 (G) is p-open in X. Thus, g
° fis (W, - p;)-continuous or simply p-continuous.
Definition 3.6 Let X and Y be SGTS. If f: X — Y and A
c X, the restriction of f to A denote the map of A into
Y defined by (f/A)(a) = f(a) for each a € A.

Lemma 3.2 If Ac X and f: X > Y is (i, - W)
continuous, then (f/A): A — Y is (i, - y,) continuous.
Proof: If G is p,open in Y, then
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(/A (G)=f"(G)nA. Clearly f(G)nA4
is pr-open in the subspace of strong generalized
topology on A.

Lemma 3.3 If A is a subset of a space (X, p), then

(i) iy(cu(A)) cs.cu(A)

(ii) (ii) iu(s.cu(A)) = i,(cu(A))

Proof'is trivial.

Theorem 3.3 Let A = (X, p).

Then
(i) A e PO(X, p) if and only if sc,(A) =
Lu(cu(A))
(ii) A e PO(X, p) if and only ifs.c,(A) €
RO(A, )
(i)  RO(X, p) = PO(X, ) Ms.c,(X).

Proof: (i) Let A € PO(X, p). Then s.c,(A)
cs.cu(iu(cu(A))) and since i,(c,(A)) es.cu(X),
s.cu(A) ciy(cu(A). By lemma 3.3(i) s.c,(A) D

iy(cy(A)).The converse is obvious.
(ii) Let s.c,(A) € RO(X, p). Then s.c,(A) =
iy(cu(s.cu(A)))

and hence s.c,(A) cCiu(cu(c,(A))) = iu(cu(A)).

By Lemma 3.3(i), it follows that s.c,(A) =

iy(cu(A)).By part(i), Ae PO(X, p). The

converse follows from part (i)

(iii) This follows from part(i) and (ii)
Definition 3.7: Let X and Y be SGTS and let f: (X, )
— (Y, ). Then f'is (g, - p,)-continuous or simply p-
continuous at x,e X if and only if for each p,-open set
V of f(x,) in Y, there is a p,-open set U containing X, in
X such that f(U) = V. We say that f is continuous at X
if and only if f'is continuous at each x;e X. Clearly this
definition is equivalent to the Definition 3.2.
Theorem 3.4 If X and Y are spaces and f: X — Y, then
the following are equivalent:

(i) fis p-continuous.

(ii) for each p,-open set H in Y, f'(H)is p-
open in X.

(iii) for each p,-closed set K in Y, f'(K)is p-
closed in X.

(iv) foreachEcX, f(c, (E)) cc, (f(E))
Proof: (i) = (ii) Suppose H is p,-open in Y. Then
for each x € f~'(H), H is a p,-open set of f(x).
Hence by p-continuity of f, there is a p,-open set
U of x such that f(U) c H; that is U < £ (H).
Thus, f ' (H)contains a p-open set of each of

its points and is therefore p,-open.
(ii) = (iii) Suppose K is p,-closed in Y. Then

(Y =K)is p-open in X, by part(ii). Hence, since
F(K)=X-f"(Y-K), f(K)is p-closed in
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X.
(iii) = (iv) Let K be any p,-closed set in Y containing

f(E). By part(iii), f71 (K)is p-closed set in X
containing E. Hence, ¢ l(E) c f71 (K), and it
follows that f(c, (E)) < K. Since this is true for
any p,-closed set K containing f(E), we have,
f(e, (E) cc, (f(E))

(iv) = (i) Let x eX and let V be a p,-open set of f(x).
Set E = X—fﬁl(V)and let U =X—CM(E). It is

easy to verify that, since f (¢, (E)) c ¢, (f(E)), we

have x € U. It is even clear that f(U) = V. Hence f is
(W, - p,)-continuous or simply p-continuous at x.
References:

1. P. Bhattacharyya and B.K.Lahiri, Semi generalized
closed sets in Topology, Indian J. Pure. Appli.
Math, 29, 375-392, 1987

Z. Bomikowski, E. Bryniarski, U. Wybraniec,
Extension and intentions in the rough set theory
Information sciences, 107, 149-167, 1998.

S.G. Crossley and S.K. Hildebrand, Semi
topological properties, Fund. Math., 74, 233-254,
1972.

A. Csaszar, “Generalized topology, generalized
continuity” Acta. MathematicaHungarica,96(4),
351-357, 2002.

A. Csaszar, Extremally disconnected generalized
topologies, Annales Univ. Budapest, Sectio Math,
(17) 151-165, 2004.

A. Csaszar, Generalized open sets in generalized
topologies, ActaMathematicaHungarica, 106, 1:2,
53-66, 2005.

*Ekx

ISSN 2278-8697

Lemma 3.4 If A and B are subsets of a space (X, p), A
cBccy(A) and B € PO(X, p), then A € PO(X, p).
Proof: Since A c B c c,(A), we have s.c,(A) cs.c,(B)
< cu(A). Theorem 3.3 implies that s.c,(A) < i (c,(B))
< c,(A) since B € PO(X, p). Since, i,(c,(A)) =1i,(c.(B)),
we have AePO(X,p).

Theorem 3.5 If a function £:(X,p)—(Y, ) is pre-
p-open and pre-p-continuous, then f is p-p-open.
Proof: Let U e PO(X, p). Since f is semi-p-
continuous, f(U) c f(s.c,(U)) < c,(f(U)).

By theorem 3.3(ii), s.c(U) € RO(X, p), so that
S (s, (U)) e PO(Y, ), because f is pre p-open.

Lemma 3.4 implies thatf(U) e PO(Y, W), and the
result follows.

7. A. Csaszar, d and 6 modifications of generalized

topologies, ActaMathematicaHungarica, 120(3),
275-279, 2008.

8. A'P. DhanaBalan, p-c pre-open equivalent
generalized  topological  spaces, Chinese

Jou.of.Maths (communicated)

. D.S. Jankovie, A note on mappings of extremally
disconnected spaces, Acta.Math.Hung, 46:1-2, 83-
92,1985.

N. Levine, Semi open sets and Semi continuity in
topological spaces, Amer. Math.Monthly, 7o, 36-
41, 1963.

G.E. Xun, GF. Ying, p- separation in generalized
topological spaces, Appl.Math. j Chinese Univ.
25(2) 243-252, 2010.

10.

11.

Assistant Professor of Maths,Alagappa Govt. Arts College,
Karaikudi - 630003, Tamil Nadu; India.
Email: danabalanap@Yahoo.com

ISBN 978-93-84124-03-8

183



