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EMBEDDING THEOREM ON EDGE TOPOGENIC GRAPHS

DR. R.B.GNANA JOTHI, A.UMA DEVI

Abstract: This paper aims to construct an edge topogenic embedding H of a graph G. A graph G is said to be embedded

in a graph H if there exists a sub graph G, of H such that G is isomorphic to G, .We call H a host graph of G.
Important graph theoretic parameters such as domination number , matching number and covering number of G and H

are compared
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Introduction: The notion of topogenic graphs was
introduced by B.D. Achariya , K.A. Jermina and Jisha
Elizabeth joy[1]. This motivated us to give edge analog of
this concept [2]. Let G = (V,E) be any graph and X be a
ground set. A set edge indexer of G is an injective

function f : FE (G) — P(X) such that the induced

vertex function f® V- 2% —{¢} defined by

7 =1 |Jfe) e isincident at v ¢ and

e €E(G)

f®(V) ={f®(v): ve V} is also injective. An
edge topogenic indexer is a set edge indexer of G such
that f(E) U f®(V) is a topology on X. A graph is

said to be edge topogenic if it admits an edge topogenic
set indexer. In this paper an embedding theorem on edge
topogenic graph is proved. Some graph theoretic
parameters of G and H are compared.

Definition : A graph G is said to be embedded in a graph

H, if there exists a subgraph G/ of H such that G is

isomorphic to G, . We call H a host graph of G.
Theorem 1: Every graph can be embedded in an edge
topogenic graph.

Proof : Let G = (V, E) be any graph. Let f be a set edge
indexer of G  with respect to X. If

f(E(G)) U f®(V(G))is a topology on X, then

the graph itself is its edge topogenic host graph. If not
there arise two cases.

Case1: X € f®(V(G))
Let K, be the number of open sets that are to be added
to f (E(G)) U f® (V(G)) so that it is a topology

on X. Augment K| isolated vertices to G and join each of
these vertices to a vertex in G with label X.
Corresponding to K; newly added vertices, we have K
number of edges and these K; edges receive the required
open sets to be included in

f (E(G)) ) f® (V (G)) in an injective manner.
The resulting graph K, is obviously an edge topogenic
host graph of G.

Case2: X & f® (V(G))
Choose a vertex V € G such that
{reelmev(c)

Claim: f®(v0)6£ f(E(G))
If f®(V0)=f(€) for some ezvivj (say), then
f®(v0)gf®(vi) and f®(V0)gf®(Vj)
f® (Vo ) is of maximum cardinality.

= ()= (v)=1°(v))

= (o fOs injective)

F° () £(E(G) 1

Let ‘X‘Zk and f®(v0) Zk]. Let AI,AQ,...,Ar

be the subsets of X with cardinality K, .

f®(vo)‘= max

By 1, AI’A2 eees Ar cannot be edge labels. But they can
occur as vertex labels.

Subcase 1: Exactly one AI., 1<i < roccurs as vertex
label.

Let fP(V,)=A Let G' be a graph with V(G")
—V(G)U{V,,V,,...v, } and
E(G)=E(G)U{vyv,,1<i<r} Label new edges as
f(VOVi) = A forl i< 7. Clearly

) =XinG.

By case 1, G can be embedded in an edge topogenic
graph H. Hence H is an edge topogenic host graph of g,
Subcase 2: Suppose more than one A; occur as a vertex
label.

Suppose f@ (vi) =A; and f®(vz) =A, .Add a new
vertex v, and join it with v; and v, .Let
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f(VlVS) =A; and f(v,vs) =A,. Let G’ be the resultant

graph. f® (vq) =A, U A,.Note that |Al UA|> K,
proof follows from case 1.If not repeat the process given

in sub case (ii) for G’.Since ‘X ‘ is finite, after a finite
number of steps
Xe fFV(G)

By case 1,G can be embedded in an edge topogenic
host graph H. Hence H is an edge topogenic host graph of
G.

Theorem 2 : Every graph can be embedded in a
connected edge topogenic graph H.

Proof : By embedding theorem, every graph can be
embedded in an edge topogenic graph H. Therefore it is
enough if we prove that H is connected.

Case 1: G is connected.

In an edge topogenic embedding of G, we are adding k;
vertices and join them to a vertex v, in G for

which f® (Vo) = X . Hence if G is connected, H is

connected.
Case 2: G is not connected.
Let Gy, G,,...,G,, be the components of G.

€]
Let vi€ G, be suchthatf (VI)ZX .
Let X ={1,2, ...n}, Y = {1, 2, ...n, n+1}. For 2<i<r,

we will get a graph G’ with

@
choose a vertex v; from Gj; such that ‘f (Vl.)‘ =

max{f®(v) Ve Gl} .

Let A = f2(1,),2<i<7r. Ay, Ay A, be the
subsets of X with maximum cardinality and A; =
£ i=23.r

Now join v; with v; 2 <i <7 and extend f to E(G’)by
taking f(vlvl.)z Ai U{n+1},2<i<r

n G, f°(v,)=Yand
f®(vl_) =A U {n+1}, 2 <i<r. The resulting

graph G’ is connected and by case 1, H is connected.
Hence H is a connected edge topogenic host graph of G.
[lustration: Connected embedding of Ks.

{1,2,3} 1,3)

2,3}

{1243

Theorem3: Let G be a graph with H as its edge topogenic
host graph.

Then }/(H) =¥(G) or }/(H) =¥(G)+1, where
}/ denotes the domination number.

Proof: If G is edge topogenic, then G = H and

¥(G)=y(H)

If G is not edge topogenic then G C H.
Case 1: X appears as a vertex label.

Let Vo S V(G) such that f® (VO) =X
In this case, by the construction of H described in

embedding theorem, k vertices V;,V,,...,V, together

with k edges VoV, VyV,,...,V, )V, are added to G.
Let D be a minimal dominating set of G.
Subcase (i) : V, € D

V, will take care of V;,V,,...,V, .

Hence, }/(G) = }/(H)

Subcase (i) : V, & D

Vi5Vy,..., Vi being pendant vertices, V, is to be
included in D.

Hence, 7(H) =9(G)+1

Case2: X ¢ {fe(v%e v(G)}

Choose

v, such that‘f@) (v, )‘ =max{‘f® (v)‘(ve V(G))}
Subcase (i) : If

TGy S (TG
numbers of pendant edges incident at V,, are added to G

to get H.
So as in case 1, }/(G)=}/(H)if VOED and

Wv(#v,) € V(©G)}
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y(H)=y(G)+1itv,& D.

Subcase  (ii):  If ‘f®(vo)‘=‘f®(vl)‘ for
someV, (#v,)€ V(G), then we move to a new
vertex v, join to V,,V, and label the edges with
% (v,)and £?(v,) respectively. Now in the new

. . @
graph v will be the only vertex with f (V) as

maximum of the vertex labels of the new graph.
Then v should be included in any minimal dominating set
of H.

7(H)=7(G)+1

Hence, either V(H) =Y(G) or }/(H) =yY(G)+1
Theorem 4: Let G be a graph with H as its edge
Then o (H)=a'(G) or
0(,(H) =& (G) +1 where & denotes the matching

number of G.
Proof: If G is edge topogenic, then G =

' (H)=d'(G)
If G is not edge topogenic G C H.
Case 1: X appears as a vertex label.

Let v, € V(G) such that f®(v0) =X

In this case, by the construction of H described in

topogenic host graph.

H and

embedding theorem, k vertices V;,V,,...,V, together

with k edges VoV, VyV,,...,VyV, are added to G
Let M be a maximum matching in G.
Subcase (i) : 'V, is M- saturated.

Let uwo, €M M U{Vovl.}is not a matching

for]l <1<k Even if we remove uv, from M, and we
can add at most one edge from the edges

€M Vv, VVy,.s VoV, to M.
o (H)=d(G).

Subcase (ii) : Vo is M- unsaturated.

Hence

As Vv, is M-unsaturated, at most one edge from the

pendant edges VoV, VyV,,...,V )V, can be added to M.
Hence, & (K )=/ (G) +1

e dfT)
CaseZ.Xé{ VEV(G)}
Choose

Vv, such that‘f® (v0 )‘

—max{[* | (ve vV (G)}

Subcase (i) :
72 )| > 72 0)] v (= v) (€ V(G))] as

in case 1, 0(/(G) = 0[/(H)if Vyis M- saturated and

CZ’(H) = (G)+1if V, is M-unsaturated.

Z‘f&)(vl)

V; (-‘/—' VO)E V(G) then we move to a new vertex v,

for some

Subcase (i) : If ‘ £2(v,)

join  to and label the with

£ (vy)and £ (v,)

Vy,V, may be M-saturated or M- unsaturated or one of

Vg,V edges

respectively.  Here  both

them is M-saturated and the other M-unsaturated .In all
the cases at most one edge from the pendant edges

VoV VgVys-.es VgV, can be added in the maximum
matching M of G.
s d(H)=d(G)+1

Hence, either 0(,(H ) = 0[,(G) or

d(H)=ad'(G)+1

Theorem 5: Let G be a graph with H as its edge
Then ,B(H) = IB(G) or
,B(H) = ,B(G) +1, where ,B denotes the covering

number.
Proof: If G is edge topogenic, then G =

B(H)=B(G)

If G is not edge topogenic G C H.
Case 1 : X appears as a vertex label.

Let v, € V(G) such that f® (VO) =X

In this case, by the construction of H described in

topogenic host graph.

H and

embedding theorem, k vertices V;,V,,...,V, together

with k edges VoV, VyV,5...,VyV, are added to G

Let S be a minimum covering of G.

Subcase (i) : Vo € S

As the pendant edges VyV|,VyV,,...,V,V, incident
atV,,andV, € S ,ﬂ(H) = ,B(G) .

Subcase (i) : V, & S

As VoV, VoVyseens VoVy

being the pendant edges

incident atVy, V, is to be included in S. Hence,

B(H)=pB(G)+1
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Case2: X ¢ f®(%V(G)

Subcase (i) :
Choose

v, such that‘fe (v,)

:max{‘f@(v)‘(ve V(G))}

Number of pendant edges incident at V, are added to G

to get H.So as in case 1, ,B(H) =B(G)if vye S
and B(H)=B(G)+1itv, & S.
Subcase (i) : If ‘fea(vo)‘:‘f@(vl)‘ for some

Vl (-‘# VO)E V (G), then we move to a new vertex v,
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graph v will be the only vertex with f®(v) as
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Number of pendant edges incident at v are added to G
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Then v should be included in the minimum covering of H.
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