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A GENERALIZATION OF FUZZY SEMI CLOSED SETS IN FUZZY
TOPOLOGICAL SPACES
DR. K. BAGEERATHI
Abstract:
The second and third authors have recently introduced the concepts of fuzzy -closed sets and fuzzy closure operator in a fuzzy topological space (X,τ) where : [0, 1]→ [0, 1] is an arbitrary complement function. The
purpose of this paper is to introduce the concept of - fuzzy semi closed set and investigate some of its properties in a
fuzzy topological space.
Key words:

- fuzzy semi closed sets,

- fuzzy semi- closure operator and fuzzy topology.

Introduction: In 1968, Chang introduced the concept of
fuzzy topological space [5] which is a natural
generalization of topological spaces. Various results in
ordinary topological spaces have been put in the fuzzy
setting, and also various departures have been observed.
Our notation and terminology follow that of Chang[5].
For a fuzzy set λ in a fuzzy topological space X, we
denote the fuzzy closure of λ by cl λ that equals the
infimum of fuzzy closed sets containing λ and the fuzzy
interior of λ by int λ that equals the supremum of fuzzy
open sets contained in λ. The connection between the
fuzzy open sets and the fuzzy closed sets is given by the
standard complement λ of λ with membership function
λ (x) = 1-λ (x). Several fuzzy topologists used this type
of complement while extending the concepts in general
topological spaces to fuzzy topological spaces. But there
are other complements in the fuzzy literature. The
standard complement is obtained by using the function
:[0, 1]→[0, 1] defined by (x) = 1−x for all x ∈[0, 1]. In
a fuzzy topological space, a fuzzy subset λ is fuzzy closed
if the standard complement of λ is fuzzy open. Such a
fuzzy closed set can be thought of a fuzzy closed set with
respect to the standard complement
λ of λ with
membership function λ (x) = 1- λ (x).
The notions of fuzzy closed sets and fuzzy closure with
respect to the standard complement are extended to the
analog concepts with respect to an arbitrary complement
function :[0, 1] → [0, 1]. Bageerathi &Thangavelu [2]
introduced the concept of fuzzy
- closed sets
and fuzzy
- closure operator in a fuzzy topological
space (X,τ) where
: [0, 1]→ [0, 1] is an arbitrary
complement function in the sense of George J.Klir and Bo
Yuan [6]. Using fuzzy
- closure operator the same
authors studied fuzzy - semi open and fuzzy - semi
closed sets. The purpose of this paper is to introduce the
notion of - fuzzy semi closed sets and investigate their
properties.
According to Bageerathi &Thangavelu [ ] a fuzzy subset
λ of a fuzzy topological space (X,τ) is fuzzy
closed if
λ is fuzzy open in (X,τ) that is
λ ∈τ. The sense
technique may be adopted to define a
- fuzzy semi
closed set. That is a fuzzy subset λ of a fuzzy topological
space (X,τ) is fuzzy
fuzzy semi closed if λ is fuzzy
semi open that is λ ∈FSO (X,τ).
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The concepts that are needed in this paper are discussed in
the second section. The concepts of
- fuzzy semi
closed set and
-fuzzy semi closure operator are
introduced in the third and fourth section.
2. Preliminaries: Throughout this paper (X,τ) denotes a
fuzzy topological space in the sense of Chang. Let :
[0, 1]→[0, 1] be a complement function. If λ is a fuzzy
subset of (X,τ) then the complement λ of a fuzzy subset
λ is defined by λ(x) = (λ(x)) for all x∈X. A
complement function
is said to satisfy
(i) the boundary condition if (0) = 1 and (1) = 0,
(ii) monotonic condition if x ≤ y
(x) ≥ (y), for all
x, y ∈ [0, 1],
(iii) involutive condition if ( (x)) = x,
for all x ∈[0, 1].
The properties of fuzzy complement function and λ
are given in George Klir[8] and Bageerathi et al[3]. The
following lemma will be useful in sequel.
Lemma 2.2 [3]: Let : [0, 1] → [0, 1] be a complement
function that satisfies the monotonic and involutive
conditions. Then for any family {λ : ∈∆ } of fuzzy
subsets of X, we have
(i) (sup{λ (x): ∈∆}) = inf{ (λ (x)): ∈∆}= inf{(
λ (x)): ∈∆} and
(ii) (inf{λ (x): ∈∆}) = sup{ (λ (x)): ∈∆}= sup{(
λ (x)): ∈∆} for x∈X.
Lemma 2.3 [1] If λ1, λ2, λ3, λ4 are the fuzzy subsets of X
then
(λ1 ∧ λ2) × (λ3 ∧ λ4) = (λ1 × λ4) ∧ (λ2 × λ3).
Lemma 2.4 [Lemma 5.1, [2]] Suppose f is a function from
-1
X to Y. Then f ( µ) = (f -1(µ)) for any fuzzy subset µ
of Y.
Definition 2.5 [7] If λ is a fuzzy subset of X and µ is a
fuzzy subset of Y, then λ × µ is a fuzzy subset of X × Y,
defined by (λ × µ) (x, y) = min {λ(x), µ (y)} for each (x,
y)∈ X × Y.
Lemma 2.6 [Lemma 2.1, [1]] Let f : X → Y be a function.
If

{λα }

a family of fuzzy subsets of Y, then (i) f -1(∨

λα ) = ∨ f -1 ( λα ) and (ii)

f -1(∧ λα ) = ∧ f -1 ( λα ).

Lemma 2.7 [Lemma 2.2, [1]] If λ is a fuzzy subset of X
and µ is a fuzzy subset of Y, then (λ×µ) = λ ×1 ∨ 1 ×
µ.

!"
Lemma 2.8 [2] Let (X,τ) be a fuzzy topological space. Let
be a complement function that satisfies the boundary,
monotonic and involutive conditions. Then for any family
∨{λ :
{λ : ∈ ∆ } of fuzzy subsets of X. we have
∧{λ : ∈∆} ∨
λ:
∈∆} ∧
λ : ∈∆} and
∈∆}.
Definition 2.9 [2]A fuzzy subset λ of X is fuzzy closed in
(X,τ) if λc is fuzzy open in (X,τ). The fuzzy closure of λ
is defined as the intersection of all fuzzy closed sets µ
containing λ. The fuzzy closure of λ is denoted by Cl λ
that is equal to ∧{µ: µ ≥ λ, µ c ∈τ}.
Lemma 2.10 [2] For any fuzzy subset λ of X,
(i) Int λ c = Cl ( λ c) and (Cl λ c) = Int ( λ c).
(ii)
λ Cl λ,
(iii)
λ is fuzzy closed ⇔ Cl λ= λ,
(iv)
Cl (Cl λ) = Cl λ,
(v)
If λ ≤ µ then Cl λ ≤ Cl µ,
(vi)
Cl (λ∨ µ) = Cl λ ∨ Cl µ,
(vii)
Cl (λ∧ µ) ≤ Cl λ ∧ Cl µ.
(viii) For any family {λ } of fuzzy sub sets of a fuzzy
topological space we have
∨ Cl λ ≤ Cl (∨λ ) and Cl ( ∧ λ ) ≤ ∧ Cl λ .
Lemma 2.11 [4, 5] Let (X, τ) be a fuzzy topological
space. Then a fuzzy subset λof X is called
(i)fuzzy regular open in(X, τ) if Int Cl λ = λ,
(ii) fuzzy semiopen in(X, τ) if λ ≤ Cl Int λ.
3. -fuzzy semi closed sets: In this section, we define
-fuzzy semi closed sets and investigate some of their
basic
properties.
Definition 3.1Let (X, τ) be a fuzzy topological space and
be a complement function. Then a fuzzy subset λ of
X is called - fuzzy semi closed in (X, τ) if
λ is
fuzzy semi open.
Example 3.2 Let X = {a, b, c} and τ = {0, {a.2, b.3, c.3},
{a.3, b.2, c.4 }, {a.3, b.3, c.4}, {a.2, b.2, c.3}, 1}. Let (x) =

x , 0 ≤ x ≤ 1, be a complement function. The family of
all fuzzy closed sets is given by τc = {0, {a.8, b.7, c.7},
{a.7, b.8 , c.6}, {a.7, b.7, c.6}, {a.8, b.8, c.7}, 1}. Let λ = {a.2,
b.2, c.2} Then λ = {a.447, b.447, c.447} and Int λ = {a.3,
b.3, c.4} and Cl Int λ = {a.7, b.7, c.6} . That implies λ ≤
Cl Int λ. This shows that λ is - fuzzy semi closed.
Proposition 3.3 Let (X, τ) be a fuzzy topological space
and let
be a complement function that satisfies the
involutive condition. If λ is fuzzy semi open then λ is
-fuzzy semi closed.
Proof. Let λ be fuzzy semi open. Then by Definition
2.5, λ ≤ Cl Int λ. Taking complement on both sides, λ ≥
Int Cl ( λ). Again taking complement on both sides,
( λ) ≤ Cl Int ( λ)). Hence
λ is
- fuzzy semi
closed.
Conversly assume that λ is -fuzzy semi closed. Then
by Definition 3.1, ( λ) ≤ Cl Int ( λ)). Since
satisfies the involutive condition, λ ≤ Cl Int λ. This
proves that λ is fuzzy semi open.
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The following example shows that the converse of the
above proposition is not true if
satisfies the involutive
condition.
Example 3.4 Let X = {a, b, c} and τ = {0, {a.6, b.3}, {b.4,
c.7}, {a.2, c.5}, {b.3}, {a.6, b.4, c.7}, {a.2, b.4, c.7}, {c.5},
{a.2}, {a.6, b.3, c.5}, {a.2, b.3}, {a.2, b.3, c.5}, {b.3, c.5}, 1 }.
Then (X, τ) is a fuzzy topological space. Let
(x) =

1− x
, 0 ≤ x ≤ 1, be a complement function that
1 + 3x
satisfies the involutive condition. The family of all fuzzy
closed sets τc = {0, {a.4, b.7, c1}, {a1, b.6, c.3}, {a.8, b1, c.5},
{a1, b.7, c1}, {a.4, b.6, c.3}, {a.8, b.6, c.3}, {a1, b1, c.5}, {a.8,
b1,c1}, {a.4, b.7, c.5}, {a.8, b.7, c1},{a.8, b.7, c.5},{a1, b.7,
c.5},1 }. Let λ = {a.2} it can be computed that Intλ =
{a.2}, ClIntλ ={a.4, b.7, c.5}. This shows that λ ≤ ClInt λ.
Now λ={a.5}then
( λ)={a.2} it can be computed
that ClInt ( λ) = {a.4, b.7, c.5}. Hence ( λ)≤ ClInt
( λ).
Azad [2] established that the union of fuzzy semi closed
sets is not fuzzy semi closed. Analogously the union of
any two
- fuzzy semi closed sets is need not be
fuzzy semi closed. The intersection of fuzzy semi closed
sets is a fuzzy semi closed set. However the following
example shows that the intersection of any two - fuzzy
semi closed sets is not - fuzzy semi closed.
Example 3.5: Let X = {a, b, c} and τ = {0, {c.3}, {a.6,},
(x) = 1-x/1-2x, 0 ≤ x ≤ 1, be a
{a.6, c.3}, 1}. Let
complement function. From this, we see that the
complement function
does not satisfy the monotonic
and involutive conditions. The family of all fuzzy closed
sets is given by τc = {0, {a1, b1, c.7}, {a.4, b1, c1}, {a.4, b.7,
c1} , 1}. Let λ ={a.6} and µ={c.3}, then λ= {a.182, b.1,
c1} and µ={a.1, b.1 , c.438}, it can be found that Int λ =
{a.3} and Cl Int λ = {a.4, b.7 , c1} . That implies λ ≤
Cl Int λ. This shows that λ is
- fuzzy semi closed.
Also Int µ = {c.3} and Cl Int µ = {a.4, b.7 , c1} . That
implies µ ≤ Cl Int µ. This shows that µ is - fuzzy
semi closed. Now (λ∨µ) = {a.7, b.6, c.5} then (λ∨µ) =
Int (λ∨µ) =
{a.837, b.775, c.707} it can be found that
{a.3, b.3, c.4} and Cl Int (λ∨µ) = {a.4, b.7 , c1} This
implies that
(λ∨µ) ≤
/ Cl Int (λ∨µ). By using
Proposition 3.2, λ∨µ is not - fuzzy semi closed.
Example 3.6 Let X = {a, b, c} and τ = {0, {a.2, b.3, c.3},
{a.3, b.2, c.4 }, {a.3, b.3, c.4}, {a.2, b.2, c.3}, 1}. Let (x) =
1-x/1-2x, 0 ≤ x ≤ 1, be a complement function. From this,
we see that the complement function
does not satisfy
the monotonic and involutive conditions. The family of
all fuzzy closed sets is given by τc = {0, {a.8, b.7, c.7},
{a.7, b.8 , c.6}, {a.7, b.7 , c.6} ,{a.8, b.8 , c.3} 1}. Let λ ={a.1,
b.6, c.1} and µ={a.7, b.1 , c.5}, then λ= {a.316, b.775, c.316}
and µ={a.837, b.316 ,c.707}, it can be found that Int λ =
{a.2, b.3, c.3} and Cl Int λ = {a.7, b.7 , c.6} . That implies
λ ≤ Cl Int λ. This shows that λ is
- fuzzy semi
closed. Also Int µ = {a.3, b.3, c.4} and Cl Int µ= {a.7,
b.7 , c.6} That implies µ ≤ Cl Int µ. This shows that µ
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- fuzzy semi closed. Now (λ∧µ) = {a.7, b.6, c.5} then
(λ∧µ) = {a.837, b.775, c.707} it can be found that
Int (λ∨µ) = {a.3, b.3, c.4} and Int Cl (λ∧µ) = {a.7, b.7 ,
c.6}.This implies that (λ∧µ) ≤
/ IntCl (λ∧µ). By using
Proposition 2.2, λ∨µ is not - fuzzy semi closed.
Remark 3.7: Further, the Example 3.6 shows that the
intersection of any two - fuzzy semi closed sets is not
- fuzzy semi closed, eventhough the complement function
satisfies the monotonic and involutive conditions. If
the complement function
satisfies the monotonic and
involutive conditions then the arbitrary intersection of any
two - fuzzy semi closed sets is - fuzzy semi closed as
shown in the following Proposition.
Proposition 3.8: Let (X, τ) be a fuzzy topological space
and let
be a complement function that satisfies the
monotonic and involutive conditions.Then the arbitrary
intersection of any two - fuzzy semi closed sets is
fuzzy semi closed.
Proof. Let {λ } be a collection of all - fuzzy semi
closed sets of a fuzzy topological space X. Then by
Definition 3.1, { λ } be a collection of all fuzzy semi
open sets. Then for each , there exists a fuzzy semi
open set
such that
≤ Int cl . By using Lemma
} is fuzzy semi open. By using
3.3in [4],
∨{
Lemma 2.4, { ∧ } is fuzzy semi open. By Definition
3.1, ∧ is - fuzzy semi closed. This implies that ∧λ
is - fuzzy semi closed.
It is clear that every fuzzy regular open is - fuzzy semi
closed set. But the converse is not true as shown by the
following example.
Example 3.9 From Example 3.8, let X = {a, b, c} and τ =
{0, {a.2, b.3, c.3}, {a.3, b.2, c.4 }, {a.3, b.3, c.4}, {a.2, b.2, c.3},
1}. Let λ = {a.1, b.2, c.1} Then λ= {a.316, b.447, c.316}
Int λ = {a.2, b.3, c.4} and Cl Int λ = {a.7, b.7, c.6}. That
implies λ ≤ Cl Int λ. This shows that λ is - fuzzy
semi closed. Also λ is not fuzzy regular open.
4. -fuzzy semi closure: In this section,we introduce the
concepts of - fuzzy semi-closure operators and
investigate some of their basic properties.
Definition 4.1 Let (X, τ) be a fuzzy topological space.
Then for a fuzzy subset λ of X, the - fuzzy semi closure
of λ (briefly -scl λ), is the intersection of all - fuzzy
semi closed sets containing λ. That is -scl λ = ∧{µ: µ ≥
λ, µ is - fuzzy semi closed}.
The concepts of “fuzzy - semi closure” and “ - fuzzy
semi closure” are identical if
is the standard
complement function.
Proposition 4.2 If the complement functions
satisfies
the monotonic and involutive conditions. Then for any
fuzzy subset λ of X, (i) (SIntλ) = -scl( λ) and
(ii) ( -scl λ) = SInt( λ), where SIntλ is the union of
all fuzzy semi open sets contained in λ.
Proof. By using Definition , SIntλ = ∨{µ: µ ≤ λ, µ is
fuzzy semi open}. Taking complement on both sides, we
get (SInt(λ)(x)) = (sup{µ(x): µ(x) -λ(x), µ is fuzzy
semi open}). Since
satisfies the monotonic and
is
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involutive conditions, by using Lemma 1.38,
(SInt(λ)(x)) =inf { (µ(x)): µ(x) λ(x), µ is fuzzy semi
open}. This implies that (SInt(λ)(x)) =inf { µ(x):
µ(x) ≥ λ(x), µ is fuzzy semi open}. By using
Proposition 2.2, µ is - fuzzy semi closed, by replacing
µ by η, we see that (SInt(λ)(x)) =inf{η(x): η(x) ≥
λ(x), η is fuzzy semi open}. By Definition 2.10, (SInt
(λ)(x)) = -scl ( λ) (x). This proves that (SIntλ) = scl ( λ). By using Definition 2.10, -scl λ = ∧{µ: λ ≤ µ,
µ is - fuzzy semi closed}. Taking complement on both
sides, we get ( -scl λ (x)) = (inf{µ(x): µ(x) ≥ λ(x),µ
is
- fuzzy semi closed}). Since
satisfies the
monotonic and involutive conditions, by using Lemma
1.38, ( -scl λ(x)) = sup { (µ(x)): µ(x) ≥ λ(x), µ is fuzzy semi closed}. That implies ( -scl λ(x)) = sup {
µ(x): µ(x))
λ(x), µ is - fuzzy semi closed}. By
using Proposition 2.2, µ is fuzzy semi open, by
replacing µ by η, we see that ( -scl λ(x)) = sup{η(x):
η(x)
λ(x), η is fuzzy semi open}. By using Definition
2.10, ( -scl λ(x)) = SInt ( λ)(x). This proves ( scl (λ)) =SInt( λ).
Proposition 4.3 Let (X, τ) be a fuzzy topological space
and let
be a complement function that satisfies the
monotonic and involutive conditions. Then for the fuzzy
subsets λ and µ
of a fuzzy topological space X, we
have
(i) λ ≤ -scl λ,
(ii) λ is - fuzzy semi closed ⇔ -scl λ = λ,
(iii)
-scl ( -scl λ) = -scl λ,
(iv) If λ ≤ µ then -scl λ ≤ -scl µ.
Proof. The proof for (i) follows from -scl λ= inf{µ: µ
≥ λ, µ is - fuzzy semi closed}.
Let λ be
- fuzzy semi closed. Since
satisfies the
monotonic and involutive conditions, by using
Proposition 3.2,
λ is fuzzy semi open. By using
Proposition 3.2 in [2], SInt ( λ) =
λ. By using
Proposition 3.11, ( -scl λ) = λ. Taking complement
on both sides, we get ( ( -scl λ)) = ( λ). Since
the complement function
satisfies the involutive
condition, -scl λ = λ. Conversely, we assume that
-scl λ = λ. Taking complement on both sides, we get (
-scl λ) = λ. By using Proposition 2.11, SInt λ = λ. By
using Proposition 3.2 in [2], λ is fuzzy semi open.
Again by using Proposition 3.2, λ is - fuzzy semi
closed. Thus (ii) proved.
By using Proposition 3.11, ( -scl λ) = SInt ( λ). This
implies that ( -scl λ) is fuzzy semi open. By using
Proposition 3.2, -scl λ is - fuzzy semi closed. By
applying (ii), we have -scl ( -scl λ) = -scl λ. This
proves (iii).
Suppose λ ≤ µ. Since
satisfies the monotonic
condition, λ ≥ µ, that implies SInt λ ≥ SInt µ.
Taking complement on both sides, (SInt λ) ≤
(SInt µ). Then by using Proposition 4.2, -scl λ ≤ -
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scl µ.This proves (iv).
Proposition 4.4 Let (X, τ) be a fuzzy topological space
and let
be a complement function that satisfies the
monotonic and involutive conditions. Then for any two
fuzzy subsets λ and µ of a fuzzy topological space, we
have (i) -scl (λ∨µ) = -scl λ∨ -scl µ and (ii)
-scl
(λ ∧ µ) ≤ -scl λ ∧ -scl µ.
Proof. Since
satisfies the involutive condition, -scl
(λ∨µ) =
-scl (
( (λ∨µ))). Since
satisfies the
monotonic and involutive conditions, by using
Proposition 4.2,
-scl (λ∨µ) = SInt( (λ∨µ))). Using
Lemma 2.4, -scl (λ∨µ)= (SInt ( λ∧ µ)). Again by
Proposition3.11, -scl
(λ∨µ)≤((SInt λ)∧(SInt µ))= (SInt
λ)∨ (SInt µ).
By using Proposition 3.11, -scl (λ∨µ) ≤ -scl λ ∨ scl µ. Also -scl (λ)≤ -scl (λ∨µ) and
-scl (µ) ≤ -

scl (λ∨µ) that implies -scl (λ) ∨ -scl (µ) ≤ -scl
(λ∨µ). It follows that -scl (λ∨µ) = -scl λ ∨ -scl µ.
Since -scl (λ∧µ) ≤ -scl λ and -scl (λ∧µ) ≤ -scl µ,
it follows that -scl (λ∧µ) ≤ -scl λ ∧ -scl µ.
Proposition 4.5Let
be a complement function that
satisfies the monotonic and involutive conditions. Then
for any family {λα} of fuzzy subsets of a fuzzy
-scl (
topological space, we have (i) ∨ ( -scl λα ) ≤
∨λα) and (ii) -scl (∧λα) ≤ ∧( -scl λα )
Proof. For every , λβ ≤ ∨λα ≤
-scl (∨λα). By using
Proposition 3.12, -scl λβ ≤ -scl (∨λα) for every .
This implies that ∨ -scl λβ ≤ -scl (∨λα). This proves
(i). Now ∧λα ≤ λβ for every β. Again using Proposition
3.12, we get -scl (∧λα) ≤ -scl λβ. This implies that scl (∧λα) ≤ ∧ -scl λα. This proves (ii).
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