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ANALYSIS OF TRANSIENT BEHAVIOR M/M/1 QUEUEING MODEL WITH
CATASTROPHICAL EVENTS
M.RENI SAGAYARAJ, S.ANAND GNANA SELVAM, P. MANOHARAN,
R.REYNALD SUSAINATHAN
Abstract: In this paper, we illustrate how generating function technique can be used to obtain analysis the
transient bahavior of M/M/1 queueing model with catastrophical events. We provide the steady state
probabilities of the queueing model M/M/1 and certain performance measures are deduced. We introduce the
cost connected with the busy period idle periods of the queueing system and present a random motion
associated with the cost structure. An elaborate procedure is used to derive partial differential equations
governing the joint probability density function associated with catastrophe. Numerical illustrations are
provided to see the effect of parameters on system performance measures.
Keywords: M/M/1 queue, catastrophes, transient analysis, steady state analysis, busy period analysis.
Introduction: The queueing Theory has played an
important role in the theory of probability and
related concepts. Its applications have been utilized
varies fields like communication system, industrial
sector and so on. Human beings, telephone calls flow
of finished products, failed machines and so on may
be considered as queueing units. In modern days, the
queueing models have been analyzed by assuming
the telephone calls as the units for demanding
service.
Markov process modulated queueing models play a
significant role in the ATM networks (Elvalid and
Mitra [6], Anick et. al. [2], Simonian and Virtomo
[16]). In addition queueing models driven by finite
state space Markov processes that modulate the input
rate in the queueing buffer have been analyzed by
many authors (Anick et al. [2], Coffman et al. [4],
Gaver et al. [5], Mitra [6], Low and Varaiya [8]).
Noam Paz and Yechiali, U [13] have proposed a
spectral-decomposition method to analyze a
queueing model driven by an M/M/1 queue. Adan
and Resing [1] have analyzed and expressed the
generalized eigen values explicitly using the
Chebyshev polynomials of the second kind. Van
Doorn and Scheinhardt [13] have obtained explicit
expressions for the stationary distribution of the
buffer content for queueing queues driven by an
M/M/1 queue with constant arrival service rates.
Much of the vast literature on queueing models is
confined to results describing steady-state operation
only. But in many potential application of queueing
theory, the practitioner needs to know how the
system will operate up to some instant t. Many
systems begin operation and are stopped at some
specified time t. Business or service operations such
as rental agencies or physician's offices which open
and close, never operate under steady-state
conditions. Furthermore, if the system is empty
initially, the fraction of time the server is busy and
the initial rate of output, etc., will be below the
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steady-state values, and hence, the use of steady-state
results to obtain these measures is not appropriate.
Thus, the investigation of the transient behavior of
queueing processes is also important from the point
of view of the theory and its applications.
The rest of the paper is organized as follows. The
mathematical description of the model is in Section 1
and the governing equations of the model are given
in Section 2. A Random motion Associated with the
Queueing models and the transient solution has been
derived in Section 3. An M/M/1/∞ queue with
catastrophical events and the corresponding steady
state results have been obtained and analyzed when
there are no catastrophes in Section 4.
1. Mathematical description of the Model Arrival:
We assume that customers arrive according to a
Poisson process with rate λ
Server: Single server M/M/1 queueing system and the
capacity 1.
Catastrophes: The catastrophes occur at the server
as an independent Poisson process with parameter
and inactivate the server upon arrival.
This means that all customers who arrive to the
system find no waiting room and are lost when the
server is busy in serving a customer already there in
the system. In other words the waiting room capacity
is 0. The service time is random having exponential
ଵ
distribution with mean . Let ܲ ሺݐሻ be the probability
ఓ

that there are n customers in the system at time t.
Since the waiting room capacity is 0. We note that.
ܲ ሺݐሻ  ܲଵ ሺݐሻ ൌ ͳሺʹǤͳሻ
And ܲ ሺݐሻ ൌ Ͳ for all ݊  ʹǤ we assume ܲ ሺͲሻ ൌ ܽ
and ܲଵ ሺͲሻ ൌ ܾ. Then a +b= 1.
2. Governing Equations.
ܲ ሺ ݐ οሻ ൌ  ܲ ሺݐሻሾͳ െ ߣοሿ   ܲଵ ሺݐሻߤο  Ͳሺοሻ
ܲଵ ሺ ݐ οሻ ൌ  ܲଵ ሺݐሻሾͳ െ ߤοሿ   ܲ ሺݐሻߣο  Ͳሺοሻ
From the above equations, we have
ܲ′ ሺݐሻ ൌ  െߣܲ ሺݐሻ  ߤܲଵ ሺݐሻሺʹǤʹሻ
ܲଵ′ ሺݐሻ ൌ  െߤܲଵ ሺݐሻ  ߣܲ ሺݐሻሺʹǤ͵ሻ
Setting
݃ ሺݐሻ ൌ  ܲ ሺݐሻ݁ ሺఒାఓሻ௧ ,

ͺ

Mathematical Sciences International Research Journal : Volume 4 Issue 2 (2015)
݃ଵ ሺݐሻ ൌ  ܲଵ ሺݐሻ݁ ሺఒାఓሻ௧
The above equations yield
ߤ
݃ ሺݐሻ ൌ  ݃ ሺͲሻ  
൛݁ ሺఒାఓሻ௧ െ ͳൟሺʹǤͶሻ
ߣߤ
ߣ
൛݁ ሺఒାఓሻ௧ െ ͳൟሺʹǤͷሻ
݃ଵ ሺݐሻ ൌ  ݃ଵ ሺͲሻ  
ߣߤ
Since ݃ ሺݐሻ = a and ݃ଵ ሺݐሻ ൌ ܾ the equations (2.4) and
(2.5) yields
ߤ
ܲ ሺݐሻ ൌ 
൛ͳ െ ݁ ିሺఒାఓሻ௧ ൟ   ܽ݁ ିሺఒାఓሻ௧ ሺʹǤሻ
ߣߤ
ߣ
ܲଵ ሺݐሻ ൌ 
൛ͳ െ ݁ ିሺఒାఓሻ௧ ൟ   ܾ݁ ିሺఒାఓሻ௧ ሺʹǤሻ
ߣߤ
ఒ
ఒ
If we choose ܽ ൌ 
then ܾ ൌ 
and the
ఒାఓ

ఒାఓ

equations (2.6) and (2.7) yields.
ܲ ሺݐሻ ൌ ܽƬܲଵ ሺݐሻ ൌ ܾሺʹǤͺሻ
From equation (2.8) we observe that if the initial
probabilities are assumed to be the steady state
values, then the queueing process is stationary at any
time. If we assume that the process starts with I
customer at time t =0, then a = 0 and b = 1. In this
situation, we have the transient state probabilities
given by
ఓ
൛ͳ െ ݁ ିሺఒାఓሻ௧ ൟ
(2.9)
ܲ ሺݐሻ െ
ܲଵ ሺݐሻ െ

ఒାఓ
ఒ

ఒାఓ



ఓ

ఒାఓ

݁ ିሺఒାఓሻ௧ 

(2.10)

The distributions of the busy and idle periods of this
queueing system with the above initial condition are
easy to obtain. let ߶ሺݐሻ and ߰ሺݐሻ be respectively the
probability density functions of the busy and idle
periods. As a busy period is defined to be the time
intervals between the time of arrival of a customer to
an idle server and he epoch when the server next
becomes idle, we note in this queueing model that
߶ሺݐሻ ൌ ߤ݁ ିఓ௧ and ߰ሺݐሻ ൌ ߣ݁ ିఒ௧
The probability density function of the busy cycle is
the convolution of the above two densities and it is
given by
ߣߤ
൛݁ ିఓ௧ െ ݁ ିఒ௧ ൟ
߶ሺݐሻۨ߰ሺݐሻ ൌ
ߣߤ
Althrough the distributions of the busy and idle
periods obtained in a simple way , they can also be
derived by considering the state probabilities. To do
this , we postulate that there is an absorbing barrier
at zero system size. If ݍ ሺݐሻ denote the state
probabilities of this restricted system. Then the
differential equations for the state probabilities are
given by.
ݍ′ ሺݐሻ ൌ ߤݍଵ ሺݐሻܽ݊݀ݍଵ′ ሺݐሻ ൌ  െߤݍଵ ሺݐሻሺʹǤͳʹሻ
Clearly ݍ ሺݐሻ ൌ Ͳ for all n ≥ 0. Since ݍଵ ሺͲሻ ൌ ͳ we
get from (2.12) that
ݍଵ ሺݐሻ ൌ ݁ ିఓ௧ and ݍ ሺݐሻ ൌ ͳ െ ݁ ିఓ௧
We note that ݍ ሺݐሻ gives the distribution function of
the busy period hence its probability density function
is given by ߤ݁ ିఓ௧ . In a similar manner the density of
the idle period can be found as ߣ݁ ିఒ௧ by postulating
that there is an absorbing barrier at state 1. In the
next section we make use of the distributions of the
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busy and idle periods to investigate a random motion
connected with queueing system.
3. A Random motion Associated with the
Queueing models: We consider the queueing
models M/M/1 starting with one customer at time t=0
for this model. We have already mentioned that the
busy periods alternate on the time axis. as busy
periods always fetch utility of the system by the
customers and in turn provide profit to the system,
we attach a positive cost ܥଵ ǡ ܥଵ  Ͳ per unit time to
busy periods. In the same way, a negative cost
െܥଶ ǡ ܥଶ  Ͳ per unit time is attached to idle periods.
Considering the epochs of beginning and ending of
busy periods, we note that these epochs constitute an
alternating point process on the time axis
characterized by two densities ߤ݁ ିఓ௧ and ߣ݁ ିఒ௧ . Let
N(t) be the number of such epochs which have
occurred in the interval (0 , t]. Let C(t) be the cost
per unit time at time t. then it can be easily seen that
ͳ
ͳ
ܥሺݐሻ ൌ  ሺܥଵ  ܥଶ ሻ    ሺܥଵ  ܥଶ ሻሺെͳሻேሺ௧ሻ ሺ͵Ǥͳሻ
ʹ
ʹ
Let P(t) be the net gain of the system upto time t,
Then it can be easily seen that.
௧

ܲሺݐሻ ൌ  න ܥሺݑሻ݀ ݑሺ͵Ǥʹሻ


Substituting (3.1) and (3.2) we get
ͳ
ͳ
ܥሺݐሻ ൌ  ሺܥଵ െ ܥଶ ሻ ݐ  ሺܥଵ  ܥଶ ሻ
ʹ
ʹ
௧

නሺെͳሻேሺ௧ሻ ݀ ݑሺ͵Ǥ͵ሻ


The two random quantities P(t) and C(t) constitute a
random motion and it is studied in the next section .
4. An M/M/1/∞ queue with catastrophical events.
Let customers arrive at a single server queueing
system according to a Poisson process with rate λ.
We assume that the service time has exponential
distribution with parameter µ. Let the service
discipline be FIFO. We assume that the system
capacity is infinite. Let the catastrophic events arrive
independently at the service facility according to a
Poisson process with rate γ. the nature of an
catastrophic events is that upon its arrival at the
service station , it destroys all the customers there
waiting and in the service and also renders the server
momentarily inactive that is becomes ready for
service immediately.
Let ܲ ሺݐሻ be the probability that there are n
customers in the system at time t. Then by the
routine procedure, we have
ܲ′ ሺݐሻ ൌ ߤܲାଵ ሺݐሻ െ ሺߣ  ߤ  ߛሻܲ ሺݐሻ  ߣܲିଵ ሺݐሻǡ ݊
ൌ ͳǡʹǡ ǥ ǤǤሺͶǤͳሻ
ܲ′ ሺݐሻ ൌ ߤܲଵ ሺݐሻ െ ߣܲ ሺݐሻ  ߛሾͳ െ ܲ ሺݐሻሿǡ
Where λ and µ have the usual meanings. We assume
that a customer arrives to an system at the service

ͻ
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faculty at time t = 0 so that the busy period starts at
time t =0.
Then ܲ ሺͲሻ ൌ  ߜǡଵ ǡ ݊ ൌ Ͳǡͳǡʹ ǥ Ǥ Ǥܹ݄݁݁ݎ
ͳ݅ ൌ ݆
ߜǡଵ ൌ  ൜
Ͳ݅ ് ݆
To solve (3.1) We proceed as follows Defining
∞

ܲሺݏǡ ݐሻ  ൌ   ܲ ሺݐሻ ݏ
ୀ

We obtain from (4.1)
߲ܲሺݏǡ ݐሻ
ߤ
ൌ  ቂߣ ݏ  െ  ሺߣ  ߤ  ߛሻቃ ܲሺݏǡ ݐሻ
߲ݐ
ݏ
ͳ
 ߤ ൬ͳ െ ൰ ܲ ሺݐሻ  ߛሺͶǤʹሻ
ݏ
Subject to the condition ܲሺݏǡ Ͳሻ ൌ ݏ. The equation
(4.2) can be solved and we obtain ܲሺݏǡ ݐሻ ൌ
ഋ

ି ݁ݏሺఒାఓାఊሻ ݁ ቀఒ௦ା ೞ ቁ௧ 

ߤ ቀͳ െ
௧
 ݁

ഋ
௧
ቁ  ܲ ሺݑሻ ݁ ିሺఒାఓାఊሻሺ௧ି௨ሻ ݁ ቀఒ௦ା ೞ ቁሺ௧ି௨ሻ ݀ݑ
௦

ଵ

ഋ
ቀఒ௦ା ቁሺ௧ି௨ሻ
ೞ



݀ݑሺͶǤ͵ሻ
In (4.3) we use the generating function
ͳ
ͳ
ߤ
൱ ሺߙݐሻൡ
݁ ݔቄቀ  ߤݏቁ ݐቅ ൌ ݁ ݔ൝ ൭ሺߚݏሻ  
ሺߚݏሻ
ʹ
ݏ
∞

ൌ  ሺߚݏሻ ܫ ሺߙݐሻሺͶǤͶሻ
ି∞

Where we have set ߣ ൌ 
ఒ

ఈఉ
ଶ

ܽ݊݀ߤ ൌ 

ߙ ൌ మඥߣߤ and ൌ  ට . In the above
ఓ

ఈ

ଶఉ

we have

ܫ ሺߙݐሻǡ ݊ ൌ

∞

ܫ ሺݑሻ  ൌ  

ୀ
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ݑାଶ
ǡ ݊  െͳǢିܫ ሺݑሻ
ʹାଶ ݇Ǩ ሺ݊  ݇ሻǨ

ൌ  ܫ ሺݑሻ
Then the equating the power of  ݏ on the both sides,
we obtain as in previous section
∞
ሺ݊  ͳሻ ܫାଵ ሺߙݐሻ ିሺఒାఓାఊሻ
ͳ
݁
ܲ ሺݐሻ ൌ   ାଵ
ߚ
ݐ
ߤ
ୀଵ

ܲ ሺݐሻ

ߛ ௧ ݊ ܫ ሺߙݑሻ ିሺఒାఓାఊሻ௧
 න 
݁
݀ݑ
ߤ  ߚ
ݑ

௧ ∞

ሺ݊  ݇  ͳሻܫାାଵ ሺߙݑሻ ିሺఒାఓାఊሻ௨
ʹߛߚ ାଵ
න
ൌ
݁
݀ݑ
ߚ ାଵ ݑ
ߙ
 ୀ

∞

  ݁ ିሺఒାఓାఊሻ௧ 
ୀ

ܫାାଶሺఈ௧ሻ ܫାାଷሺఈ௧ሻ
  ିାଵ ൨
ߚ
ߚ ିାଶ

 ߚ ିଵ ܫିଵ ሺߙݐሻ݁ ିሺఒାఓାఊሻ௧ ǡ ݊ ൌ ͳǡʹ ǥ
The above probabilities completely describe the
queueing process.
Conclusion: In this paper, we considered a server
queue in which the inter arrival times follow
exponential distribution and service times follow
Poisson distribution has been considered. When
service is going on catastrophe occurs.For this model,
through probability generating functions and the
expected queue size, under the system is down as
well as that is functioning have been derived.

Ͳǡ േͳǡ േʹǡ ǥ ǤǤ are modified bessel functions of the
first kind given by
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