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ON EQUITABLE COLORING OF PLICK AND LICT GRAPHS
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Abstract: The concept of “equitable coloring” was introduced by Meyer in the year 1973. In this paper, we
discuss the equitable coloring of some graph valued functions/operations namely, plick graph and lict graph

for certain class of graphs.
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Introduction: All graphs considered here are finite,
undirected, connected, without loops and multiple
edges. We follow the terminology of Harary[z]. For
any graph G, V(G) and E(G) denotes the vertex set
and edge set of graph G respectively. The order of G

|V(G)| is the number of vertices of G and the size of

G |E (G)| is the number of its edges.

If the set of vertices of a graph G can be partitioned
into k-classes V,,V,,V;, ...,V such that each V; is

an independent set and the condition “V] | — ‘VjH <1

holds for all i # j, then G is said to be equitably k-
colorable, ( V, ,V, ,V 5, ...,V ) is called an
equitableindependence-partition. The smallest integer
k for which G is equitable k-colorable is known as the
equitable chromatic number of a graph G [1,5,6,7] and

is denoted by 7y, (G)

In the below figure 1, a graph G and its equitable
coloring is shown
vl
G: Vg
Vs
figure 1
Here independent sets are,

Vis{v, v, Vo ={v,, v, },Vi={v,,v ]
Clearly, | \'A | =| Vv, | =| V3| = 2 .Also, the condition

“Vi| _‘VjH <1, foralli= j, is satisfied.Therefore G is

equitably 3-colorable.i.e., X (G)= 3.
For a real number x, ’_x—‘ denotes the smallest integer

not less than x, and \_xj is the largest integer not
greater than x.

The Plick graph P(G) [3] of a graph G is obtained from
the line graph by adding a new point corresponding
to each block of the original graph and joining this
point to the points of the line graph which
correspond to the lines of the block of the original
graph.

Remark 1.1[3]: V(P(G)) = E(G)U B;, where B, ;
i=1,2,3, . . . is the total number of blocks in graph G.
The cut-points and lines of a graph G are called its
members. The Lict graphLc (G) [4] of a graph has
cut-points and lines of a graph G. The graph whose
point set is the union of the lines and the set of cut-
points of G in which two points are adjacent if and
only if the corresponding lines of G are adjacent or
the corresponding members of G are incident.

Remark 1.2[4]:V (Le (G) = E(G)UC, where C ;
i=1,2,3,4, . . . is the total number of cut-points in
graph G.

2. Equitable Coloring of Plick Graph:

In this section, we obtain the equitable chromatic
number of plick graph for certain class of graphs like
star graph, cycle, path, complete bipartite graph and
wheel.

Theorem 2.1 Equitable chromatic number of plick
graph of star graph (P( K(,,))) is n.

Proof: Let G =K, ,).

Then, by the definition of plick graph, V(P(G)) = 2n.
We consider the following cases depending on the
vertex partition.

Case 1: Suppose, V1={b1,b2,b3,...,bn},
V2={e1}1v3={e2}1v4 ={e3})~~~vvn={en_1})v
(n+1)={en}'

Cleartly V, V,,V, ,V, ,...
independent sets.

vieG)y=vdv.U v,Uv,,...,U
VnU V(nﬂ) and |V1

IV, =V, = |V, ==V,

’ A% n o \% (n+1) aTe

:n’

+1|:1'
|Vi |_‘VjH <lIforalli=

j, is satisfied, only when |V1| =lor2 jf |V1| >2
then, the condition fails.

Case 2: Let us consider the partition of sets in the
following manner.

Therefore the condition i.e.,
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Now, let V. :{bpez} , 'V, :{bZ’GS}’ R VA
{b e } and Vn:{bn,el} be the least number

n-1°>%n
of independence sets and
V( P(G)) :V1 Uvz Uvgy o )UV(H—I)UVH'

Also, |V,|=|V,|=[V|=,. . .,=|V,|=2.

Clearly, the condition i.e., “Vi| —‘VJ.H <Iforalli=j,

is satisfied.

Therefore the equitable chromatic number of plick
graph of star graph P(G) is n.

ie, X.(P(G))=n.

Theorem 2.2: Equitable chromatic number of plick
graph of cycle (P(C,)) ;n=3is

4 ifn=3

Xe(P(Cn))= §+1 if niseven
E"‘ll if nisodd

Proof: Let P(G) = P(C,) be the plick graph of cycle
with n+1 vertices.

Now we partition the vertex set V(P(G)) as follows.
We consider the following two cases.

Caser: If‘'n’=3.

Let V1={ b}: v, ={ € }> V3={e 2 } ’ V4 ={ €3 }

Here V,, V,, V; and V, are the independent sets and
V(P(G)) =V, U v, U V3 U V4-

Thus, |V,| =|V,|=|V;| =|[V,| =1 and

[vi=[v,|=o.

Hence the condition i.e., “V, | —‘VjH <lforalli=j,is

satisfied.

Therefore, the equitable chromatic number of plick
graph of cycle is 4 when n = 3.

ie., X.(P(G))=4,whenn=3.

Case 2: When ‘n’ > 3.

In this case we consider the following two sub cases.
Subcase 2.1: If ‘n’is even.

Let Vi={b}, Vi=le, ; e, }
E+k—1

wherezsks(§+l).

n
Here V, and V| , where 2 < k < ( E-Fl)are the

independent sets and V(P(C,))=V, U Viwhere 2 <k <

(§+1)' Hence|V1|=1, |Vk|=2, where 2 < k < (
§+1).

Thus the condition i.e., “Vi| —‘VjH <1 foralli=j,is

satisfied.
Hence the equitable chromatic number of plick

n
graph of cycle is (5 +1), when n>3and even.

n
ie., X.(P(G)) = E +1 when n even.

Subcase 2.2: If ‘n’ is odd.
Let V,={b}, V,={e,} and V,={e , , ’eVJ 1, where ( 3
— |+m-I

n
<sms|—+1}).
m[f])

n
Here V,, V, and V,,,, where (3 <m < ’75 + 1—‘) are the
independent sets and V(P(C,))=V,|J V.|J Vi,

where (3 =m < [g+l—‘). Hence |V1| = |V2| =1 and

V |=2,where 3<sm=< 21 ).
v 5]

Thus the condition i.e., “Vi| —‘VJ-H <1 foralli=j,is

satisfied.
Hence the equitable chromatic number of plick graph

n
of cycle P(G) is lVE + 1—‘ when n >3 and even.

2
4 ifn=3
iy
. -+1
o Xe(P(G)) =32
2+1] ifnisodd
Theorem 2.3: Equitable chromatic number of plick
graph of path is 2, when n = 2.
Proof: Let G=P, ;n = 2.
By the definition of plick graph of graph G, V(P(G)) =
2n-2.
Partitioning the vertex set V(P(G)) depending on the
following cases, we consider.
Case 1: If G = P, then P(G)=P,.
Obviously, there exists only two independent sets i.e.,

V,={b,}and

n
Hence X. (P (G)) = lr— + 1—‘ » when ‘n’ odd.

if niseven
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V,= f{e,}, and V(P( G ) = VUV, also
|V1|:|V2|:1'

Thus the condition i.e., “Vi| —‘VJ-H <1 foralli=j, is

satisfied.
Hence the equitable chromatic number of plick graph

of path is X. (P (G)) = 2.
Case2: IfG=P,;n=3.

Suppose, €, €, €; ... € be the path,

n-1
€,,€,,€;,...,€,, be the points corresponding to the
edges of G and b,,b,,b,,...,b ,be the points
corresponding to the blocks of G and each b, is
adjacent to e ; i=1,2,3,..,n-1. Also e; and e, are

adjacent, 1< j < n-1. Here ‘0’ is the number of vertices

of G.

V,={b,,b,,b;,....,b, , },V, ={ e,, even distance
vertices from ¢ }

V; = {odd distance vertices from ¢, }

Clearly, Vi, V; and V, are independent sets and
V(P(G))=Vv.UV. Uv,.

Further, if n > 3, then|Vl| > |V2|and |V3| . Thus the

condition i.e., “Vi|—‘VjH <1, for all i # j, then the
condition fails.

Now, let V=1 b, ;i= 1(mod2) where 1gi < (n -
1)(if ‘0’ is even ) or (n -2 )(if ‘0’ is odd)} U { ST
= O(mod 2) where 1 <j <( n -1)(if ‘0’ is odd) or( n -2
)(if ‘n’is even ) },

V,={ bj BE 0(m0d2) where 1= j <( n - 1)(if ‘0’ is
odd)or (n-2)(if n’'iseven)}|J{ e, ;i= l(mOdZ)

where1<i<(n-1)(if n"iseven ) or (n -2 )(if‘n’is

odd) }.

Clearly, V| and V, are independent sets and V(P( G
) =Vv.Uv..

Also, V1|=|V2|:n—1.

Hence the condition i.e., “Vi| _‘VJH <1 foralli«j,
is satisfied.

Therefore the equitable chromatic number of plick
graph of path is 2.

ie., X.(P(G)) =2.

Theorem 2.4: Equitable chromatic number of plick
graph of complete bipartite graph (P(K,,)) is,

Z
n . .
?+1 if 'n'is even

Xe (P (Kn,n)) = z
[=+1] i nisodd
Proof: Let G = K,,,, be the complete bipartite graph

with vertex set as
V(G) = 2n.

=(V, V5, Vi V, UV, V5, Vs, V)

v (n= n' ).
Let P(G) be the plick graph of complete bipartite
graph with vertex set as,

V(P(G)) =(V,V,,V,V,,V,Vy,...,V,V.)U
(V,V{,VyVs,VaVs,. ., v,V ) U
VU s
U(V,v,,V,V,,V Vi, ..,v, V. )UB.
V(P(G))=(€,,€,,€;, . ..,e,)U(

en+1 b en+2 s en+3 LR ezn ) U yeeey U

(V5V,,V3V,, ViV, ..

(Cnmpe11> Cn-2m21> S nme312 > Epameny) U 1
 (Bi=1)

V(P(G) ) = n*+1.

Now we partition the vertex set as follows.

Consider the following cases.

Case 1: If ‘'n’ is even.

Let Vi={b}, Vi={e,, ,

2
{f2=<ks= %+1 }

e ., , ) where

2
Clearly, V, and V|, where {2 < k sn?+l} are

independent sets and the elements in Vi yhere {2 < k=
2

Bl + 1} are not repeated.

Also,|Vl|=1and|Vk|=2, where {2 <k < %4—1}.

Hence the condition i.e., “Vi| —‘VJH <1 for all i#j, is

satisfied.

Therefore, the equitable chromatic number of plick
2

graph of complete bipartite graph is n? +1.

Case2: If ‘n’ is odd.

In this case we have two sub cases.

Subcase2.1: If ‘n’ = 1.

Let V,={b}and V,={e}.

Here V, and V, are the only two independent sets and

V(P(K,,) =V, V.. Also, [V, =]V, |=1.
Hence the condition i.e., “V1| —‘VjH <1, for all i#j, is

satisfied.
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And the equitable chromatic number of plick graph
2

n
of complete bipartite graph is 2 or EX +1.

Subcase2.2: If ‘n’ >1.
Let V,={ b },V, ={e, } and

2
n
Vi=fe, ;e . ,,,}, whereG=< k=< (7 + I‘I )

2
n
Clearly, V,,V, and V|, where (3 < k < {7 + 1—‘ ) are

independent sets with no repeats and V(P(K,,))=V,

2
Uv,UVy, where ( 3<k= [%+1—‘).

Hence the condition “Vi| — ‘VjH <1, forall
i =], is satisfied.
Therefore the equitable chromatic number of plick

graph of complete bipartite graph i.e., X, (P (G)) =
n?
—+1 | whennis odd.
ﬂﬂ'.
St 1 if'n'iseven

S X (P(G)) = [ﬂ;"'l] if 'n'is odd

Theorem 2.5: Equitable chromatic number of plick
graph of wheel P(W,) is ‘n’; n = 4.

Proof: Let G=W,, be the wheel ; n = 4.

Let P( G ) be the plick graph of wheel. Then V(G) =

V,V,,V;5,...,V, and

9Vn—1V1) U

V(P(G))=(V,V,,V,V35,V3V,, ...

(VnVn—l’VnVL’VnV29VnV3’ st ’VnVn—2)
=(e,,e,,€5, ...,¢, U
(€,5€0115€0125 « - - €25 35€05 )

Therefore now we partition the vertex set as follows
Let V, ={b}, Vi={ e, € (nlysin }, where (2<i<n).

Clearly, Vi and V;, where (2 = i < n) are the

independent sets and
V(P(G))=(V1 UVi) where (2 <i<n ) .Then |V1| =1
and |V1| =2 where (2 <i<n). Thus the condition

i.e.,“vi| _‘VjH <1 foralli=j, is satisfied. Hence the

equitable chromatic number of plick graph of wheel
(P(G)) =n.

ie., X.(P(G)) =n.

3. Equitable Chromatic Number Of Lict Graph
For Star Graph And Path:

Theorem 3.1: Equitable chromatic number of lict
graph of star graph is ‘n+1’.

Proof: Let G=K,,

Let L. (G) be the lict graph of graph G,

V(L. (G))=n+1.

Depending on the vertex set we consider,
Vi=lehva={e }bvs ={e ), ... Vi ={€,}

Clearly, V1> V5, Vs, ..., V,, V  are

sets and

V(Le(K,)= YV, UV, ULV UV,
Also, [Vy| =|V,|=|V;| =, = |V, | = Vo] = 1.

n+l
Here the condition “Vi| — ‘Vj H <1 forall

independent

i =], is satisfied.
Therefore equitable chromatic number of lict graph
of star graph is n+1.

ie, Xe(Le (G) = ntr.

Theorem 3.2: Equitable chromatic number of lict
graph of pathis 3;n = 3.

Proof: Let G = P,, then the case is trivial.

Let G =P, , n = 3 by the definition of lict graph of
graph G,

V(L(Q)= {e,»e5.e5, .- e, JU

fereaney e,
Considering the partitioning of
follows we have,

Vv, ={e; iEl(m0d3)where 1< i
2(mod 3) where2s< j< (n - 2) },
vV, ={e;; iE2(m0d3)where 2< i
O(mod 3) where 3 <j < (n-2)},
vV, ={e;; i= 0(m0d3)where 3< is (n)iUJ{c; j
= l(mod 3) where 1 <j < (n-2)}.

the vertex set as

—
IN

)} U{c; j

IN

(m-)}UlLc;; |

Clearly, V.V, and V; are independent sets with no
repetitions and

V(Le (Py)) = VUV, UV,
2n—-3
henl i = Vs =[¥i =] 222

3
neldkk=123,...

2n-3 2n—-3
|V1|:’7 n3 —‘ and |Vz|:|V3|:[ 1’13 J where

nel3k-1,k=123, ...

when
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2n-3 2n-3
|V1|:|Vz|:[ n3 —‘ and |V2|:{ I’l3 J where

neldk-2,k=123, ...
Here the condition “Vi| — ‘Vj H <1 forall
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