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MEAN SQUARE SUM LABELING OF SOME CYCLE RELATED GRAPHS

C.JAYASEKARAN, S. ROBINSON CHELLATHURAI, M. JASLIN MELBHA

Abstract: A bijection f:V(G)—f{o, 1, ..., p-1} G is said to be a mean square sum labeling if the induced function

f*:E(G)—N given by f*(uv) = l[f(u)]zz[f(v)]zlor [[f(u)]zz[f(v)]zl for every uv €E(G) is injective. A graph which

admits a mean square sum labeling is called a mean square sumgraph. The concept of mean square sum
labeling was introduced by C. Jayasekaran, S. Robinson Chellathurai and M. Jaslin Melbha and they
investigated the mean square sum labeling of several standard graphs such as Path, Comb, Star graph,
Complete graph, Cycle, Bistar, Doublestar, G = K,+mK,, Ladder, P,,0K, and some more graphs are mean square
sum graphs. In this paper we prove that Dragon graph, C,0K,, C,0K,, Helm graph, Wheel graph, Crown graph,

Gear graph, nK;, nCy andD, 0K, are mean square sum graphs.
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1. Introduction: We begin with simple, finite,
connected and undirected graph. For standard
terminology and

notations we follow Harary [1]. A graph labeling is an
assignment of integers to the vertices or edges or
both subject to certain condition(s). If the domain of
the mapping is the set of vertices (edges) then the
labeling is called a vertex labeling (an edge labeling).
Several types of graph labeling and a detailed survey
is available in [2]. S. Somasundaram and R. Ponraj [4]
have introduced the notion of mean labeling of
graphs. A graph G with p vertices and q edges is
called mean graphif there is an injective function f
from the vertices of G to {o, 1, ..., g} such that when

each edge uv is labeled with Mif f(u)+f(v) is

even and with w if f(u)+f(v) is odd, then the

resulting edge labels are distinct. S. Somasundaram
and R. Ponraj [5] have investigated many results on
this concept.

V. Ajitha, S. Arumugam and K. A. Germina [6] have
introduced the notion of square sum labeling. A (p,
q) graph G is said to be square sum, if there exists a
bijection f: V(G)—{o, 1, ..., p-1} such that the induced
function f*: E(G)—N defined by f*(uv) = [f(w)]? +
[f (v)]*for every uv €E(G) is injective.

The concept of mean square sum labeling was
introduced by C. Jayasekaran, S. Robinson
Chellathurai and M. Jaslin Melbha [3] and they
investigated the mean square sum labeling of several
standard graphs such as Path, Comb, Star graph,
Complete graph, Cycle, Bistar, Doublestar, G =
K,+mK,, Ladder, P,OK,. Not every graph is mean
square sum. For example, any complete graph K,,
where n > 6 is not mean square sum. We are
interested to study different classes of graphs, which
are mean square sum. In this paper we prove that
Dragon graph, C,0K,, C,0K,, Helm graph, Wheel
graph, Crown graph, Gear graph, nK;, nC; and D,0K,
are mean square sum graphs.

A brief summary of definitions and other information
which are necessary for the present

investigation are given below.

Definition 1.1. Let G = (V(G), E(G))be a graph. A

bijection f :V(G)—{o, 1, ..., p-1} is said to be a mean

square sum labeling if the induced function f*:
2 2

E(G)-»N given by ff*(uv) = leor

2 2
[w]for every uv €E(G) is injective.

Definition 1.2. A graph which satisfies the mean
square sum labeling is called a mean square sum
graph.

Definition 1.3.A Dragon is formed by joining an end
point of a path P, to a point of cycle C,,. It is denoted
by D,(m).

Definition 1.4. A Helm H,, n =3 is the graph obtained
from a crown by adding a new vertex joined to every
vertex of the unique cycle of the crown.

Definition 1.5. The graph W, = C, +K, is called a
Wheel with n spokes.A wheel graph W, is obtained
from a cycle C, by adding a new vertex and joining it
to all the vertices of the cycle by an edge, the new
edges are called the spokes of the wheel.

Definition 1.6. A crown graph is formed by adding
to the n points v,, v,, . . ., v, of a cycle C, , n more
pendent points u,, u,, . . ., u, and n more lines u;v;, i =
1,2, ... nfornz=3.

Definition 1.7. The gear graph is obtained from a
wheel by subdividing all the cyclic edges.

Definition 1.8. The corona of two graphs G, and G, is
the graph G = G,0G, formed from one copy of G, and
[V(G,)| copies of G, where i vertex of G, is adjacent
to every vertices in the i copy of G,.

Definition 1.9. The prism D,, n = 3 is a trivalent
graph which can be defined as the Cartesian product
P, x C, of a path on two vertices with a cycle on n
vertices.

2. Main Results

Theorem 2.1. The dragon graph D, admits a mean
square sum labeling for n =3, m =1
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Proof. Let uu,...u,u, be the cycle C,, and u,,,, Up.s, -y
Un,m be the path P,. Join the end point u,,, of the
path P, to the cycle C,. The resultant graph G is a
dragon graph with V(G) = {u; /1zi< n+m} and E(G) =
{ujuy,,, upu,/1< i< n+m}. Then G has n+m vertices and
n+m edges. Define f :V(G)—{o, 1, ..., n+m-1} by f(u;) =

i-1, 1< i< n +m. The induced function f*:E(G) — N is

defined by f*(uuy,,) = i*- i+1, 1= i< n+m-1; f(u,u,)

l(n—l)z
2

Jis injective. Hence the dragon graph admits a

mean square sum labeling.

Example 2.2. A mean square sum latl)eling of D, is given in figure 1.

Fig1. D,

Theorem 2.3. C,0K, is a mean square sum graph.

Proof. Let u, u, ..., u, be the cycle C, and let v;, w; be
the vertices of i™ copy of K, which are joined to the
vertex u; of cycle C,,1< i< n. The resultant graph is G =
C.OK,with V(G) = {u;, v;, w; /1< i< n} and E(G) = {uju;,,,
UVi, WWj, Viwi, Upl,, UpWy, UnVp, VaWn/1< i< n-1}.Then G
has 3n vertices and 4n edges. Define f :V(G)—{o, 1, ...,

31 M

3n-1} by f(u;)=3i-3, 1= i< n; f(v;)=3i-2, 1= i< n; f(w;)=3i-
1, 1< i< n. The induced function f*: E(G)—N is defined
by f*(uijw;) = 9i*12i+5, 1= isn; f(viw;) = 9i*-9i+3, 1< i<
n; f*(uv;) = 9i’-15i+7, 1< i< n; fF(uuy,) = 9i*-9i+s, 1< i<

2
n-1; f*(u,u,) :[9(1121)

mean square sum graph.

| is injective. Hence C,OK, is a

Example 2.4. A mean square sum labeling of C,OK, is given in figure 2.

Wi

Fig 2.C;0K,
Theorem 2.5. Crown graph C,0K, is a mean square sum graph for n =3.

Proof. Let u,u,...u,u, be the cycle C,. For 1< i< n, add a new vertex v;, which is adjacent to u;. The resultant
graph G is the crown graph C,0K, with V(G) = {u;, v; /1= i< n} and E(G) = {uju;,,, u,u,, wv;, vyu, /1<isn-1}. Then G
has 2n vertices and 2n edges. Define f :V(G)—{o, 1, ..., 2n-1} by f(w;) = i-1, 1= i=n and f(v;) = n+i-1, 1=i=n. The

(n—-1)2
2

J and f*(uyv;) = [n;+

ni—-1)+ (- 1)2], 1< i< n is injective. Hence the crown graph is a mean square sum graph.

induced function f*: E(G)—N is defined by f*(uju;,,) = i*-i+1, 1= i< n-1; (u,u,) =l

Example 2.6. A mean square sum labeling of C,OK, is given in figure 3.
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Fig 3. C,0K, i

Theorem 2.7. The Helm H,, is a mean square sum graph forn = 3.

Proof. Let u, u,, .., u, be the vertices of C,. For 1< i< n, add a new vertex v;, which is adjacent to u;. The
resultant graph is crown graph. By adding a new vertex u joined to every vertex of the unique cycle of the
crown. The resultant graph is the Helm graph H,, with V(H,)) = {u, u,, ..., u,, v,, v,, ..., v,} and E(H,)) = {uy;, uu,,
Uil Upl, WV, Vou, /1= i< n-1}. Then H, has 2n+1 vertices and 3n edges. Define f :V(H,)—{o, 1, ..., 2n} by f(u) =
o; f(u;) = i, 1=i=n and f(v;) = n+i, 1<i<n. The induced function f*: E(H,) — N is defined by f*(wuy,,) = i’+i+1, 1=

isn-1; f(uw) =1; F(uy) = lé], 2< i< m; £ *(u,u,) :[n22+1

2 2 2 2 2 2
n=>5, (02;5) = (32;4) =125 and (52;1) = 13. This implies that at least two edges get the same label. H; is a

2
] and f*(u;v;) :n? + i+ i?%, 1< i< n is injective for n#5. For

mean square sum graph and a labeling is given in the figure 4. Hence Helm graph H, is a mean square sum
graph.
Example 2.8. A mean square sum labeling of Hg is given in figure 4.

Fig 4. He

Example 2.9. A mean square sum labeling of H; is given in figure 5.

Fig 5. H,
Theorem 2.10.The Wheel graph W, admits a mean square sum graphs for n > 3.

Proof. Let u,, u,, ..., u, be the vertices of C,. By adding a new vertex u joined to every vertex of

the unique cycle by an edge, the resultant graph is the wheel W, with V(W,) = {u, u, ..., u,Jand E(W,) = {uy;,
uu,, Wy, u,u,/ 1< i< n-1}. Then W, has n+1 vertices and 2n edges. Define £:V(W,)—{o, 1, .., n} by f(u) = 0;
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f(u; ) =i for 1= i < n. The induced function f*:E(W,)—N is defined by f*(ujuy,,)= i*+i+1, 1<i< n-1; f*(uu,) = 1; *(uu;)
. 2 2 2 2 2 2

= EJ, 2< i< n; (uuy) =[%]is injective for n # 5. For n = 5, (02;5) = % =12.5 and @ = 13. This

implies that atleast two edges get the same label. W, is a mean square sum graph and a labeling is given in the

figure 6. Hence wheel graph is a mean square sum graph.
Example 2.11. A mean square sum labeling of Wy is given in figure 6.

Fig 6. Wy
Example 2.12. A mean square sum labeling of Wy is given in figure 7.

Fig 7. W,
Theorem 2.13. nKj; is a mean square sum graph.

Proof. Let v, vi,, Vi3 be the vertices of ith copy of K. Let G = nK;. Then V(G) = {v; /1= i< n; 1= j< 3} and E(G) =
{VijVi(j+1), Vi3Via /1= i< 0, 1= j< 2}. Then G has 3n vertices and 3n edges. Define f:V(G)— {o, 1, ..., 3n-1} by f(v}) = 3i+j-
4, 1= i< n, 1= j< 3.The induced function f*:E(G) —N is defined by f*(vivy,,) = 9i*+j*-21i-7j+6ij+13, 1= i< n, 1= j< 2
and f*(vi3vy,) = 9i*-12i+5, 1= i< n is injective. Hence nKj is a mean square sum graph.
Example 2.14. A mean square sum labeling of 4K is given in figure 8.

6

Fig 8. 4K,

Theorem 2.15. nC, is a mean square sum graph.

Proof. Let V.., Vsirar Vsiss, Vsivs Vsisg De the vertices of (i+1)" copy of C; where i =o, 1, ..., n-1. Let G = nC,. Then
V(G) = {Vsis, Vsirar Vsissr Vsisgr Vsivs /1= 0, 1, ..., n-1} and E(G) = {VjVsisjrnr VsirsVsin /0< i< n-1, 1= j< 4}. Then G has 5n
vertices and 5n edges. Define f :V(G)—{o, 1, ..., 5n-1} by f(v;,;) = 5i+j-1, o< i<n-1, 1< j< 5.The induced function f*:
E(G)—N is defined by f*(v,jVijsi) = 251+ +10ij-5i-j+1, 0< i< n-1, 1= j< 5 and £*(Vgi,5Vsi) = 251 +20i+8, 0= i< n-1is
injective. Hence nC, is a mean square sum graph.

Example 2.16. A mean square sum labeling of 4C; is given in figure 9.

)th

°
0
40 8 1 o
1y 31
Fig 9. 4C;
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Theorem 2.17. The gear graph G, is a mean square sum graph.

Proof. Let u, u,, ..., u, be the vertices of C,,. By adding a new vertex u joined to every vertex of

the unique cycle by an edge, we get the wheel W,,.. Subdivide the edge u;u;,, in to two edges u;v;and viu;,,, 1< i<
n-1 and the edge u,u, into the edges u,v, and v,u, The resultant graph is the gear graph G, with V(G,) = {u, u,
veoy U, Vi, V,, oV} and E(G) = {uy;, uvi, viug,, uuy, u,vy, vy, / 1= i< n-1}. Then G, has 2n+1 vertices and 3n edges.
Define f: V(G,) —{o, 1, ..., 2n} by f(u) = o; f(u;) = 2i-1, 1= i< n and f(v;) = 2i, 1= i< n. The induced function f*:
E(G,)—N is defined by f*(viui,,) = 4i*+2i +1, 1= i< n-1; f*(uu;) =[§], 1= i< n; (wv;) = 4i*-2i, 1= i< n; F(u,vy)

2
=[(ZH)T+1] is injective. Hence the gear graph G, is a mean square sum graph.
Example 2.18. A mean square sum labeling of G, is given in figure 10.

Fig 10. G,

Theorem 2.19. C,0K, is a mean square sum graph for all n > 3.

Proof. Let u,u,...u,u, be the cycle C,, and v;, w; be the pendant vertices adjacent to u;, 1< i< n. The resultant
graph G = C,0K, with V(G) = {u;, w;, v; /1= i< n} and E(G) = {u,u,, wvi, wiwj, uju;,,/ 1< j< n-1, 1< i< n}. Then G has
3n vertices and 3n edges. Define f:V(G)—{o, 1, ..., p-1} by f(u;) = 3i-3, f(w;) = 3i-2, and f(v;) = 3i-1, for 1= i< n. The
(3n-3)2
= 2

i< n; f*(uu,) = 9i*-9i+5, 1< i< n-1is injective. Hence C,0K,is a mean square sum graph.
Example 2.20. A mean square sum labeling of C,OKis given in figure 11.

induced function *: E(G)—N is defined by f*(ujw;) = 9i*-15i+7, 1< i< n; f*(u,u,) = l J; f(ujv;) = 9i*12i+5, 1<

Fig.n. C.OK,
Theorem 2.21. D,OK, is a mean square sum graph n = 3.
Proof. Let uu,...u,u, and v,v,...v,v, be two cycles of length n. Join u; and v;,1< i< n. The resultant graph is D,
(i.e) P,xC,. For 1= i< n, let s; and t; be the vertices which are joined with u; and v; respectively. The resultant
graph is G = D,,0K, with V(G) = {u;, t;, v;, s; /1= i< n} and E(G) = {ujuj,,, unt,, VjVj, VoV, Wi, WS, Vit / 1< j< n-1, 1<
i< n}. Then G has 4n vertices and 5n edges. Define f :V(G)—{o, 1, ..., p-1} by f(u;) = 4i-3, f(v;) = 4i-2, f(t;) = 4i-1,
f(s;) = 4i-4 for 1=i=n. The induced function f*: E(G)—N is defined by f*(u;s;) = 16i*-28i+13, 1= i< n; f*(vju;) = 16i*-
20i+7, 1= i< n; f*(vit;) = 16112143, 1< i< n; F(wuy,,) = 16i°-8i+5, 1< i< n-1; f*(vivi,,) = 16i°+4, 1< i< n-1; f*(u,u,) = 8n’-
12n+5; f*(v,v,) = 8n°-8n+4 is injective. Hence D, 0K, is a mean square sum graph.
Example 2.22. A mean square sum labeling of D,OK; is given in figure 12.
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Fig 12. D,OK,
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