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Abstract: In this paper, we studied properties and conditions of powers of N-class ܣ operator. Also we
discussed polar decomposition of powers of N-class ܣ operator and aluthge transformation on powers of Nclass ܣ operators for a fixed ܰ  Ͳ and ܪ א ݔǤ
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Introduction: Let  ܪbe a non zero complex Hilbert
space and let ܤሺܪሻ denote the algebra of all bounded
linear operators onܪ. We mean a closed linear
manifold of  ܪby a subspace  ܯof  ܪand we mean a
bounded linear transformation of  ܪinto itself by an
operator ܶ onܪ. A subspace  ܯis invariant for ܶ
ifܶሺܯሻ ܯ ك. An operator ܶ is called normal
ifܶ  ܶ כൌ ܶܶ  כ. An operator ܶ is called quasi-normal
ifܶሺܶ ܶ כሻ ൌ  ሺܶܶ  כሻ, it is called hypo normal
ifܶ  ܶ כ ܶܶ  כ. An operator ܶ it is called quasiమ
hyponormal if ܶ  ܶ כଶ ൌ ሺܶ ܶ כሻଶ . An operator
ܶ ܤ אሺܪሻ is said to be  כെ paranormal if ԡܶݔԡଶ 
ԡܶ ଶ ݔԡԡݔԡfor everyܪ א ݔ. Many authors have been
studied  כെ paranormal operators and the following
alterative definition is well known [1], [2], [3].
An operator ܶ ܤ אሺܪሻ is said to be  כെparanormal if
మ
and only if Ͳ  ܶ  ܶ כଶ െ ʹߣܶܶ  כ  ߣଶ  ܫfor allߣ, ܶ is
ଵ
 כെparanormal if and only if ߣԡܶ  כԡଶ  ሺԡܶ ଶ ݔԡଶ 
ଶ
ߣଶ ԡݔԡଶ ሻ for everyܪ א ݔ, for allߣ  Ͳ. An operator is
called  כܯെ paranormal operator if ԡܶ ݔ כԡଶ 
ܯԡܶ ଶ ݔԡfor every unit vectorܪ א ݔ. The class ܳ if it is
defined and studied by Duggal et al [4]. An operator
ଵ
ܶ is said to be class ܳ if ԡܶݔԡଶ  ሺԡܶ ଶ ݔԡଶ   ߣଶ ԡݔԡଶ ሻ
ଶ

for everyܪ א ݔ. Arora and Thukral [3] studied a new
class of operators, namely quasi  כെparanormal.
They also showed many example to prove the
inclusion relation, normal  ݇ ؿെhyponormal  כ ݇ ؿെ
paranormal  ؿnormaloid. Several extensions, of
paranormal operators have being consider till now,
for example classܣሺ݇ሻ, absolute ݇ െparanormal class,
݇ െparanormal operators.
Panayappan and radhamani [6] introduced and
characterized a new class of operators named as quasi
-paranormal operators. Also introduced a new class of
operators namely  െ כെparanormal and absolute
݇ െ כെparanormal operators and showed that every
hyponormal operator is an ݇ െ כെparanormal
operator and for each ݇  Ͳ, every classܣሺ݇  כሻ
operator is an absolute ݇ െ כെparanormal operator.
An operator ܶ is said to be quasi െ  כെparanormal
operator if ԡܶ ݔܶ כԡଶ  ԡܶ ଷ ݔԡԡܶݔԡ for everyܪ א ݔ. An
operator ܶ is said to be classܣif ȁܶ ଶ ȁ  ȁܶȁଶ . An
operator ܶ ܤ אሺܪሻ is said to be normaloid ifݎሺܶሻ ൌ
ԡܶԡ, where ݎሺܶሻ denotes the spectral radius of ܶ.In
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this paper, defined a new class of operators is namely,
powers of N-classܣ and study some basic properties
of this class. Then we study the aluthge
transformation on powers of N - classܣ operator on
ܪǤ
2. Powers of N- class  operators: In this section
we defined powers of N-classܣ operator and
consider some basic properties. Generalization of
concept of paranormal, hyponormal, N–paranormal,
quasi – hyponormal, N – Hyponormal and
ܰ  כെparanormal are studied in Braha et al. For an
operatorܶ ܤ אሺܪሻ, we say that N – quasi-hyponormal,
ifԡܶ ݔܶ כԡଶ  ܰԡܶ ଶ ݔԡfor fixedܰ  Ͳ, ܶ is ܰ െ
paranormal if ԡܶݔԡଶ  ܰԡܶ ଶ ݔԡ for fixedܰ  Ͳ, ܶ is
ܰ  כെparanormal if ԡܶ ݔ כԡଶ  ܰԡܶ ଶ ݔԡ for fixed ܰ  Ͳ
and for all unit vector for fixedܪ א ݔ. An operator
ܶ ܤ אሺܪሻis said to
be class ܣifȁܶ ଶ ȁ  ȁܶȁଶ . An
మ

operator ܶ is called classܣ if ȁܶȁଶ  ሺȁܶ ାଵ ȁሻೖశభ and
absolute – ݇ െparanormal if ԡȁܶȁ ܶݔԡ  ԡܶݔԡାଵ for
every ܪ א ݔǤ It has been proved that every log-hypo
normal operator is classܣሺ݇ሻ, every classܣሺ݇ሻ
operator is absolute–݇ െparanormal and every
paranormal operator is ݇ െparanormal. Yamazaki
proved that if ܶ is an invertible classܣሺ݇ሻ operator for


݇  אሺͲǡͳሿ then ܶ  belongs to class ܣቀ ቁ which is a

smaller class of operator than classܣሺ݇ሻǤ
Definition 2.1: An operator ܶ ܤ אሺܪሻ is powers of Nమ

classܣ if ȁܶȁଶ  ܰȁܶ ାଵ ȁೖశభ for a fixed ܰ  Ͳ and
Ͳ ൏   ͳǤ
Proposition 2.2: If ܶ ܤ אሺܪሻis powers of Nమ

classܣ operator if ȁܶȁଶ  ܰȁܶ ାଵ ȁೖశభ for a fixed
ܰ  Ͳ and Ͳ ൏   ͳǤ
(i)
If p = 1 then the operator is N – classܣሺ݇ሻ
operator.
(ii)
If p = 1 and k = 1 then the operator is N- class
 ܣoperator.
(iii)
If N = 1 and p = 1 then the operator is class
ܣሺ݇ሻ operator.
(iv)
If N = 1, p = 1 and k = 1 then the operator is
class  ܣoperator.
Theorem 2.3 An operator ܶ ܤ אሺܪሻis powers of Nమ

classܣ if ԡܶ  ݔԡ  ܰԡȁܶ ାଵ ȁԡೖశభ ԡݔԡǤ
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Theorem 2.4 Let ܶ ܤ אሺܪሻ is powers of N- classܣ
operator then
(i)
ߣܶis powers of N-classܣ operator.
(ii)
The translateܶ െ ߣ need not be powers of Nclassܣ operator.
Proof. From the definition of powers of N- classܣ
operator
మ

ȁܶȁଶ  ܰȁܶ ାଵ ȁೖశభ



ሺܶ ܶ כሻ  ܰሺሺܶ ܶ כሻାଵ ሻೖశభ



ሺߣܶ ܶߣ כሻ  ܰሺሺߣܶ ܶߣ כሻାଵ ሻೖశభ



ሺߣ כሻ ሺߣሻ ሺܶ ܶ כሻ  ܰሺߣ כሻ ሺߣሻ ሺሺܶ ܶ כሻାଵ ሻೖశభ


ሺܶ ܶ כሻ  ܰሺሺܶ ܶ כሻାଵ ሻೖశభ
మ

ȁܶȁଶ

ାଵ ȁೖశభ

 ܰȁܶ
Therefore ߣܶis powers of N-classܣ operator.
The operator ܶ ൌ  ܷ  כെ ʹ where ܷ is the unilateral
shift sinceʹ ߪ בሺܷ  כሻ . Therefore
ܶ െ ߣ need not be
powers of N-classܣ operator.
Theorem 2.5: If ܶ ܤ אሺܪሻ is powers of N- classܣ
operator then there exists a unique self ad joint
כ

మ

ԡܶ 

ାଵ ȁԡೖశభ ԡݔԡǤ

operator ܶ then
ݔԡ  ܰԡȁܶ
Proof. From the definition of powers of N- classܣ
operator
మ

ȁܶȁଶ  ܰȁܶ ାଵ ȁೖశభ



ሺܶ ܶ כሻ  ܰሺሺܶ ܶ כሻାଵ ሻೖశభ



ሺሺܶ ܶ כሻ כሻ  ܰሺሺሺܶ ܶ כሻ כሻାଵ ሻೖశభ



ሺܶ  כሺܶ  כሻ כሻ  ܰሺሺܶ  כሺܶ  כሻ כሻାଵ ሻೖశభ


ሺܶ ܶ כሻ  ܰሺሺܶ ܶ כሻାଵ ሻೖశభ
మ
ೖశభ

ԡܶ  ݔԡ  ܰԡȁܶ ାଵ ȁԡ ԡݔԡǤ
Therefore ܶ self adjoint operator.
Theorem 2.6: Letܶ ൌ ܷȁܶȁ ܤ אሺܪሻ be the polar
decomposition ofܶ. Then ܶ is a powers of N-class ܣ
ԡȁܶȁ

ାଵ


ೖశభ

operator if and only if
ݔԡ  ܰԡȁܶȁ ݔԡ .
Proof.By assumption ܶ is a powers of N-class ܣ
operator
మ

ȁܶȁଶ  ܰȁܶ ାଵ ȁೖశభ



ሺܶ ܶ כሻ ൌ ܰሺሺܶ ܶ כሻାଵ ሻೖశభ



ሺሺܶ ܶ כሻ ݔǡ ݔሻ ൌ ሺܰሺሺܶ ܶ כሻାଵ ሻೖశభ ݔǡ ݔሻ



ሺܷ  כȁܶ  כȁ ܷȁܶȁ ݔǡ ݔሻ ൌ ሺܰሺܷ  כȁܶ  כȁାଵ ܷȁܶȁାଵ ሻೖశభ ݔǡ ݔሻ


 ܰ൫ሺܷ  כȁܶ  כȁାଵ ܷȁܶȁାଵ ሻݔǡ ݔ൯ೖశభ


ԡȁܶȁ ݔԡ  ܰԡȁܶȁାଵ ݔԡೖశభ .
Converse also similar proof.
Theorem 2.7: If ܶ ܤ אሺܪሻ is powers of N- classܣ
operator such thatሺܶ ܶ כሻ ൌ ሺܶܶ  כሻ ǡThen ܶ  כis also
powers of N- classܣ operator.
Proof. From the definition of powers of N- classܣ
operator
మ

ȁܶȁଶ  ܰȁܶ ାଵ ȁೖశభ



ሺܶ ܶ כሻ  ܰሺሺܶ ܶ כሻାଵ ሻೖశభ



ሺܶܶ  כሻ  ܰሺሺܶܶ  כሻାଵ ሻೖశభ
Form above two equations


ሺܶ ܶ כሻ  ܰሺሺܶ ܶ כሻାଵ ሻೖశభ
Therefore
మ

ԡܶ  ݔԡ  ܰԡȁܶ ାଵ ȁԡೖశభ ԡݔԡǤ
Therefore ܶ  כis also powers of N- classܣ operator.
Theorem 2.8: If ܶ ܤ אሺܪሻ is powers of N- classܣ
operator and ܵ is an unitary operator such that
ܶܵ ൌ ܵܶǡ then  ܥൌ ܶܵ is also powers of N- classܣ
operator.
Proof.From the definition of powers of N- classܣ
operator
మ

ȁܶȁଶ  ܰȁܶ ାଵ ȁೖశభ



ሺܥ כ ܥሻ  ܰሺሺܥ כ ܥሻାଵ ሻೖశభ



ሺሺܶܵሻ כሺܶܵሻሻ  ܰሺሺሺܶܵሻ כሺܶܵሻሻାଵ ሻೖశభ


ሺܵ ܶܵ כ ܶ כሻ  ܰሺሺܵ ܶܵ כ ܶ כሻାଵ ሻೖశభ

ሺܶ ܶ כሻ  ܰሺሺܶ ܶ כሻ
ȁܶȁଶ

మ


ାଵ ೖశభ

ାଵ ȁೖశభ

ሻ

 ܰȁܶ
Therefore ܶis powers of N- classܣ operator.

Theorem 2.9: If ܶ ܤ אሺܪሻ is powers of N- classܣ
operator for some   Ͳ then ܶ is  െparanormal
operator.
Proof.For a given unit vector  ܪ א ݔandܶ ൌ ܷȁܶȁ, we
have, ԡܶ ଶ ݔԡ ൌ  ԡȁܶȁ ԡଶ
ൌ ሺܷ  כȁܶ  כȁଶ ܷݔǡ ݔሻ
మ

 ቀܷ  כሺȁܶ  כȁାଵ ሻೖశభ ܷݔǡ ݔቁ
భ

ൌ ቀሺܷ  כȁܶ  כȁ ȁܶȁଶ ȁܶ  כȁ ܷሻమ ݔǡ ݔቁ
భ

ൌ ൫ሺܷ  כȁܶ  כȁ ȁܶȁଶ ȁܶ  כȁ ܷሻݔǡ ݔ൯మ
భ

ൌ ൫ሺȁܶȁ ܷ  כȁܶȁଶ ܷȁܶȁ ሻݔǡ ݔ൯మ
ൌ ԡȁܶȁ ܷȁܶȁ ԡ
Therefore powers of N- class ܣ operator is
p- paranormal operator.
3.Aluthge Transformation On powers of N-class
 Operators: An operator ܶ can be decomposed
into ܶ ൌ ܷȁܶȁ where ܷ is partial isometry and ȁܶȁ is
the square root of ܶ  ܶ כwith ܰሺܷሻ ൌ ܰሺȁܶȁ ) and this
ܷ is the kernel condition ܰሺܷሻ ൌ ܰሺȁܶȁሻ uniquely
determines ܷ and ȁܶȁ in the polar decomposition of
ܶǤ In this section we consider new properties as an
extension of  െhypo normal operator using the
generalized aluthge transformation. For an operator
ܶ ൌ ܷȁܶȁ defined ܶ෨ as follows:
ܶ෨௦ǡ௧ ൌ  ȁܶȁ ௦ ܷȁܶȁ௧
For ݏǡ  ݐ Ͳ which is called generalized aluthge
transformation ofܶ. In this section we will study
powers of N- classܣ operators using their
generalized aluthge transform.



ሺܶ ܶ כሻ  ܰሺሺܶ ܶ כሻାଵ ሻೖశభ
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Theorem 3.1: Let ܶ ൌ ܷȁܶȁ be the polar
decomposition of powers of N- classܣ operators for
Ͳ ൏   ͳ then
ܶ෨௦ǡ௧ ൌ  ȁܶȁ ௦ ܷȁܶȁ௧
ା୫୧୬ሺ௦ǡ௧ሻ

Is
powers of N- classܣ operator forݏǡ  ݐ Ͳ
௦ା௧
that݉ܽݔሺݏǡ ݐሻ  .
Proof.From the definition of powers of N- classܣ
operator
ȁܶȁଶ

మ

ାଵ ȁೖశభ

 ܰȁܶ
ȁܶȁଶ ൌ  ሺܶ ܶ כሻ

శౣሺೞǡሻ
ቅ
ቄ
ೞశ

෪ כ௦ǡ௧ ܶ෨௦ǡ௧ ൯
ൌ ൫ܶ



ISSN 2278-8697

ൌ ሺȁܶȁ௧ ܷ  כȁܶȁ ௦ ȁܶȁ ௦ ܷȁܶȁ௧ ሻቄ

ൌ

ሺȁܶȁ௧

ܷ

 כȁܶȁ ଶ௦
ଶቄ

ൌ ൫หܶ෨௦ǡ௧ ห൯

ൌ ܰ ቀȁܶ

ܷȁܶȁ

௧ ሻቄ

శౣሺೞǡሻ
ቅ
ೞశ

మ ଶቄ
ାଵ ೖశభ

ȁ

ቁ



శౣሺೞǡሻ
ቅ
ೞశ

శౣሺೞǡሻ
ቅ
ೞశ





శౣሺೞǡሻ
ቅ
ೞశ

ൌ ܰ ቀሺሺܶ ܶ כሻାଵ ሻೖశభ ቁ

ଶቄ




శౣሺೞǡሻ
ቅ
ೞశ

෪ כ௦ǡ௧ ܶ෨௦ǡ௧ ሻାଵ ሻೖశభ ቁ
ൌ ܰ ቀሺሺܶ
ൌ ܰሺȁܶȁ ܷ

 כȁܶȁ ଶ௦
ଶቄ

ൌ ܰ൫หܶ෨௦ǡ௧ ห൯

ܷȁܶȁ

ଶቄ
൫หܶ෨௦ǡ௧ ห൯
Therefore

Is

ା୫୧୬ሺ௦ǡ௧ሻ
௦ା௧



శౣሺೞǡሻ
ቅ
௧ ଶቄ
ೞశ

௧ ሻଶቄ

శౣሺೞǡሻ
ቅ
ೞశ



శౣሺೞǡሻ
ቅ
ଶቄ
ೞశ

ൌ ܰሺȁܶȁ௧ ܷ  כȁܶȁ ௦ ȁܶȁ ௦ ܷȁܶȁ ሻ
௧



శౣሺೞǡሻ
ቅ
ೞశ

శౣሺೞǡሻ
ቅ
ೞశ





ଶቄ
 ܰ൫หܶ෨௦ǡ௧ ห൯

శౣሺೞǡሻ
ቅ
ೞశ

ܶ෨௦ǡ௧ ൌ  ȁܶȁ ௦ ܷȁܶȁ௧

powers of N- classܣ operator.
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