Mathematical Sciences International Research Journal : Volume 5 Issue 1 (2016)

ISSN 2278-8697

N ANALOGUE OF RAMANUJAN’S REMARKABLE PRODUCT OF
THETA-FUNCTIONS AND ITS APPLICATIONS
YUDHISTHIRA JAMUDULIA, S. N. FATHIMA
Abstract: In this paper, we define an analogue of Ramanujan’s remarkable product ݈ǡ of theta functions φ (q)
and ψ (q). We establish some general theorems for the explicit evaluations of the product same product form.
We also associate the product with Ramanujan’s cubic continued fraction G (q) with some illustrations.
Keywords: Theta Functions, Class Invariant, Continued Fraction.
Introduction: Ramanujan in his notebooks [2], [5]
and [9] has developed the theory of theta functions in
his own notation. They are defined as follows:
For a and q complex number with |q|<1

ሺܽሻஶ : = (a; q) ∞ = ςஶ
ୀሺͳ െ ܽ ݍሻ
ሺሻಮ

And (a)n:=(a;q)n= ςିଵ
,
ୀሺͳ െ ܽ ݍሻ=

ሺ ሻಮ

n : any integer,
ሺାଵሻȀଶ ሺିଵሻȀଶ
f (a, b) =σஶ
ܾ
,
(1.1)
ୀିஶ ܽ
=ሺെܽǢ ܾܽሻஶ ሺെܾǢ ܾܽሻஶ ሺܾܽǢ ܾܽሻஶ , |ab|<1.
(1.2)
Identity (1.2) is the Jacobi’s triple product identity in
Ramanujan’s notation [5, Ch.16, Entry 19]. It follows
from (1.1) and (1.2) that
[5, Ch.16, Entry 22],
మ ሺିǢିሻಮ
.
(1.3)
߮ሺݍሻ:=f(q,q)=σஶ
ୀିஶ = ݍ

ሺǢିሻಮ
మ మ
ஶ
ሺାଵሻȀଶ ሺ ǡ ሻಮ
ψ (q):= f (q,= ) ݍσୀ ݍ
=
.
ሺǢ మ ሻಮ
ଶ
And ߯ሺݍሻ = ሺെݍǢ  ݍሻஶ Ǥ,
ଶ

(1.4)

(1.5)
On page 338 of his notebook [9], Ramanujan has
defined the remarkable product of theta function
ܽǡ =݁

ഏ
ర

ିቀ ቁሺିଵሻට

 మ షഏξ
ట ቀ
ቁఝమ ቀି షమഏξቁ


షഏට
 ቍఝమ ቀି షమഏξ ቁ
టమ ቌ

.

(1.6)

where m and n are positive real numbers. He also
listed eighteen values of ܽǡ which was proved by
Berndt.et.al. [1]. Again, Mahadeva Naika et. al. in [7]
has defined
ܾǡ ൌ ݊݁

ିሺగȀସሻሺିଵሻඥȀ

×

టమ ሺି షഏξሻఝమ ሺି షమഏξ ሻ

.

టమ ሺି షഏඥȀሻఝమ ሺି షమഏξ ሻ

(1.7)
Mahadeva Naika et. al. [8] has established many
general formulas for explicit evaluations of
Ramanujan’s cubic continued fraction G (q) in terms
of ܽǡ and ܾǡ , where
 భȀయ ା మ  మ ା ర  య ା ల

G (q):=
(1.8)
, |q|<1,
ଵା ଵା ଵା ଵାڮ
Motivated by these works, in this paper, we define
the product function ݈ǡ as
݈ǡ =

టሺି  ሻటሺሻ

 ሺషభሻȀఴ టሺିሻఝሺ  ሻ

, q=݁ ିగඥȀ .

(1.9)

where n and p are positive real numbers.
In Section 2 we discuss few properties of ݈ǡ .Section
3 contains explicit evaluations of ݈ǡ in terms of
Ramanujan’s class invariants. In Section 4, we give
some particular numerical values of ݈ǡ and in
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Section 5 we establish some formulas for explicit
evaluations of G (q) in terms of݈ǡ .
To end this introduction, we present some
preliminary results.
Let K, ܭᇱ ǡ L and ܮᇱ denote the complete integrals of
the first kind associated with the moduli k,݇ ᇱ , l and ݈ ᇱ
respectively. Suppose that the equality
ᇲ

ᇲ

n = .
(1.10)


holds for some positive integer n. Then a modular
equation of degree n is a relation between the moduli
k and l induced by (1.10). Ramanujan recorded his
modular equations in terms of ߙ and ߚ where ߙ=݇ ଶ
and ߚ= ݈ ଶ .The multiplier m connecting ߙ and ߚ is
defined by m=ݖଵ /ݖ where ݖ =߮ ଶ ሺ ݍ ሻ for q=exp (π ܭᇱ /K), |q|<1.
Lemma 1 [5, Entry 27(i), p.43] If ߙߚ=π, then
మ
మ
(1.11)
ξߨφ (݁ ିఈ ) =ඥߚφ (݁ ିఉ ).
ర
Lemma 2 [3, (1.13), p.1049] If αβ=ߨ ଶ , then ݁ ିఈȀ଼ ξߙ ψ
(-െ݁ ିఈ ) =݁ ିఉȀ଼ రඥߚ ψ (-݁ ିఉ ).
(1.12)
Lemma 3 [5, Entry 10 (i), p.122] One has φ (q)=ξݖଵ .
(1.13)
Lemma 4 [5, Entry 11 (ii), p.123] One has
௭

ψ (-q)= ට భ ሼߙሺͳ െ ߙሻሽଵȀ଼ ି ݍଵȀ଼ .
ଶ

(1.14)

Lemma 5 [5, Entry 12 (v), p.124] One has

χ (q) = ʹଵȀସ ቄ

ఈሺଵିఈሻ ିଵȀଶସ

ቅ



,

ఈ ିଵȀଶସ

χ (-q) =ʹଵȀ ሺͳ െ ߙሻଵȀଵଶ ቀ ቁ



.

(1.15)

Note: Replacing q by  ݍin Lemma 3 and 4, then ݖଵ
and α will be replaced by ݖ and β where β has degree
n over α.
Lemma 6 [5, Entry 1 (i), (ii), p.345]
1+
1+

ଵ

ீሺሻ
ଵ

ீ య ሺሻ

=
=

టሺ భȀయ ሻ

.

(1.16)

 భȀయ టሺ య ሻ
టర ሺሻ

.

టర ሺ య ሻ
ఝሺି భȀయ ሻ

2 G (q) = 1 -

ఝሺି య ሻ

(1.17)
.

(1.18)

Lemma 7 [5, p.347] If G (q) is defined by (1.8), then
8 ܩଷ ሺݍሻ =

ఝర ሺିሻ

ఝర ሺି య ሻ

.

(1.19)

Some Properties of ǡ
In this section we discuss some properties of݈ǡ .

ʹͻ
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Theorem 2.1 For all positive real numbers p and n,
we have
1. ݈ଵǡଵ =1,
2. ݈ǡଵ =1,
3. ݈ǡ . = ݈ǡଵȀ ,
4. ݈ǡ . = ݈ǡ .
Proof of (i): It is obvious.
Proof of (ii): For q=݁ ିగඥଵȀ , we have
݈ǡଵ =



టሺି షഏඥభȀ ሻఝሺ షഏඥభȀ ሻ

ഏ
ష ఴ ሺషభሻඥభȀ

.

(2.1)

టሺି షഏඥభȀ ሻఝሺ షഏඥభȀ ሻ

Employing Lemma 1 and Lemma 2 in (2.1), we
complete the proof of (ii).
Proof of (iii): For q=݁ ିగඥȀ , we have
݈ǡ ݈ǡଵ

=

ഏ


టሺି షഏඥȀ ሻఝሺ షഏඥȀ ሻ

×



ష ሺషభሻට
 ఴ
టሺି షഏඥȀ ሻఝሺ షഏඥȀ ሻ

టሺି షഏඥభȀ ሻఝሺ షഏඥభȀ ሻ

Ǥ

(2.2)

ഏ
భ
ష ሺషభሻට
టሺି షഏඥభȀ ሻఝሺ షഏඥభȀ ሻ
 ఴ

Again Lemma 1 and Lemma 2 in (2.2), we easily
obtain the result.
Proof of (iv): Interchanging n and p in (1.9), we have
ǡ

ǡ

=

=

×

టሺି  ሻఝሺሻ

షభ

 ఴ టሺିሻఝሺ  ሻ

 ሺషഏඥȀሻ

ሺషభሻȀఴ

 ሺషഏඥȀሻ

టሺି

టሺି


షഏට
షഏට

షభ

 ఴ టሺିሻఝሺ ሻ
టሺି ሻఝሺሻ



షഏට
షഏට
ሻటሺି
ሻఝሺି
ሻఝሺି షഏඥȀ ሻ




 ሻటሺି షට ሻఝሺି షഏට ሻఝሺି షഏඥȀ ሻ

Employing again Lemma 1 and Lemma 2 with some
manipulation, we have (iv).
Explicit Values of ǡ : We prove general theorems
for explicit evaluations of ݈ǡ using Ramanujan’s class
invariants. Ramanujan’s two class invariants ܩ and
݃ are defined by
ܩ = ʹିଵȀସ ି ݍଵȀଶସ ߯ሺݍሻǡ
݃ =ʹିଵȀସ ି ݍଵȀଶସ ߯ሺെݍሻ, q=݁ ିగξ .
(3.1)
where ߯ሺݍሻ is defined in (1.5) and n is a positive
rational number. Using Lemma 5 in (3.1), we obtain
ܩ =ሼͶߙሺͳ െ ߙሻሽିଵȀଶସ ,
݃ =ʹିଵȀଵଶ ሺͳ െ ߙሻଵȀଵଶ ߙ ିଵȀଶସ.
(3.2)
If β has degree d over α, then
ܩௗమ ǡ ൌ ሼͶߚሺͳ െ ߚሻሽିଵȀଶସ ǡ
݃ௗమǡ =ʹିଵȀଵଶ ሺͳ െ ߚሻଵȀଵଶ ߚ ିଵȀଶସ ,
(3.3)
Theorem 3.1
We have
ீȀ

݈ǡ = ݍሺଵିሻȀସ ൬

ீ

ଷ

൰ .

(3.4)

Proof: By the Lemma 3 and Lemma 4, ݈ǡ becomes
݈ǡ =

ଵ

ቀ

ఉሺଵିఉሻ ଵȀ଼

 ሺషభሻȀర ఈሺଵିఈሻ

By (3.2) and (3.3), we have
ሼߙሺͳ െ ߙሻሽଵȀ଼ =

ଵ

ସ భȀఴ

IMRF Journals

൬

ଵ

ீȀ

ଷ

൰ .

ቁ

݈ǡ =  ݍሺଵିሻȀସ ൬

Ǥ

(3.5)

ீభ

ீమ

ீ

ଷ

൰ .

(3.6)

ଷ

൰ = ݍሺଵିሻȀସ ሺܩమ ሻିଷ ,

as

ܩଵ =1.

Remark: Employing the corresponding values of ܩ
from [6, p.189-193], we obtain݈ଷǡଷ ǡ ݈ହǡǡହ , ݈ǡ and ݈ଽǡଽ
for Corollary 3.4.
Explicit Evaluation of Ramanujan’s Cubic
Continued Fraction: In this section we discuss some
formulas of explicit evaluations of Ramanujan’s cubic
continued fraction G(q) in terms of the product݈ǡ .
Theorem 4.1 We have
 ܩଷ (-݁ ିగඥȀଷ )=
ర ିට షరഏඥȀయ  ఴ ାଷସ షమഏඥȀయ  ర ାଵ
ଵା షమഏඥȀయ యǡ
యǡ
యǡ

Ǥ
(4.1)
Proof: Changing q into –q in (1.17) and (1.19), we have
ଵ

=-

ீ య ሺିሻ

ଵ

టర ሺିሻ

టర ሺି య ሻ
ఝర ሺሻ

1-8 ܩଷ ሺെݍሻ =

.

ଵ

൬

ସ భȀఴ

Employing (3.5) and (3.6), we obtain (3.4).
Remark: One can find the values of ݈ଷǡଶଷ ǡ ݈ଷǡସ and
݈ଷǡଵ (for (p, n) = (3, 23), (3, 47), (3, 71) in Theorem 3.1
respectively) from the equations [p.227, (5.8)], [p.
229, (5.15)] and [p. 227, (5.25)], respectively of [6].
Corollary 3.4 We have
݈ǡ = ݍሺଵିሻȀସ ܩమ ିଷ .
(3.7)
Proof: Setting p=n in (3.4), we have

1+

ሺషభሻȀఴ

ଵ

ሼߚሺͳ െ ߚሻሽଵȀ଼ =
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,

(4.2)

.

(4.3)

ఝర ሺ య ሻ

Dividing (4.3) by (4.2) and simplifying, we obtain the
equation
ସ
ସ
8 (  ܩ-q) - (1+ ݍଶ ݈ଷǡ
)  ܩଷ ሺെݍሻ- ݍଶ ݈ଷǡ
= 0.
(4.4)

Solving (4.4) for q =݁ ିగඥȀଷ , we obtain (4.1).
Example: As ݈ଷǡଵ =1, by Theorem 4.1, we have
G(-݁ ିగඥଵȀଷ )

=ቌ

ଵା షమഏඥభȀయ ିට షరഏඥభȀయାଷସ షమഏඥభȀయ ାଵ

Theorem 4.2:
G(݁ ିగඥȀଽ )=

ଵ

ଵȀଷ

ቍ

.

మ ାଵ షమഏඥȀవ 
ଵାି షమഏඥȀవ వǡ ିට షరഏඥȀవ వǡ
వǡ ାଵ

(4.5)
Proof: Changing q into െ ݍin (1.16) and (1.18), we
have
టሺିሻ
ଵ
(4.6)
1+
య = వ ,
ସ

ீሺି ሻ
ଶ

ଶ

టሺି ሻ
ఝሺሻ

2 G (- = ) ݍ1 -

.

(4.7)

ఝሺ వ ሻ

Dividing (4.7) by (4.6) and simplifying, we obtain
2 ܩଶ ሺെ ݍଶ ሻ – (1+ ݍଶ ݈ଽǡ ) G (- ݍଶ ) - ݍଶ ݈ଽǡ = 0
(4.8)

Solving (4.8) for q=݁ ିగඥȀଽ , we have (4.5).
Example: As ݈ଽǡ = 1, by Theorem 4.2, we have
G (-݁ ିగȀଷ ) =

ଵା షమഏȀయ ିඥ షరഏȀయ ାଵ షమഏȀయ ାଵ
ସ

.

͵Ͳ
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