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FINDING CRITICAL PATH IN A PROJECT NETWORK UNDER FUZZY ENVIRONMENT

ELIZABETH. S, ABIRAMI. M, SUJATHA. L

Abstract: Critical path problem is one of the simplest and most widely used concepts in non-fuzzy networks.
In this paper, we have proposed a new method to identify the critical path for project network under fuzzy
environment where each edge weights of a network takes the estimated values. This leads to the use of
triangular fuzzy numbers for representing imprecise data values. A dynamic programming recursion
formulation is developed to identify the critical path in fuzzy sense, where o-cut ranking technique is utilized
to defuzzify the triangular fuzzy numbers. The main result from our study is that, the fuzzy critical path
obtained from the developed model corresponds to actual path in the network and it is an extension of the
crisp problem. Various discussions are made based on the parameters chosen by the decision makers. Finally,
examples are illustrated for the proposed model and simulation results are shown using C language.

Keywords: Decision Making, Fuzzy critical path network problem, Triangular fuzzy number, a-cut ranking

technique.

Introduction: Critical path method is a network-
based method designed for planning and scheduling
complex project. The main purpose of critical path
method is to evaluate project performance and to
identify the critical activities on the critical path so
that the available resources could be utilized on these
activities in the project network in order to reduce
project  completion  time. The  successful
implementation of critical path method requires the
availability of clear determined time duration for
each activity. However in real life situations, project
activities are subject to considerable uncertainty that
may lead to numerous schedule disruptions. This
uncertainty may arise from a number of possible
sources like: activities may take more or less time
than originally estimated, resources may become
unavailable, material may arrive behind schedule, due
dates may have to be changed, new activities may
have to be incorporated or activities may have to be
dropped due to changes in the project scope, weather
conditions may cause severe delays, etc. As a result,
the conventional approaches tend to be less effective
in conveying the imprecision or vagueness nature of
the linguistic assessment. Consequently, the fuzzy set
theory proposed by Zadeh [13] can play a significant
role in this kind of decision making environment to
tackle the unknown or the vagueness about the time
duration of activities in a project network. This gives
rise to fuzzy environment. There have been several
attempts in the literature to apply fuzzy numbers to
the critical path method since the late 1970’s and it
has led to the development of fuzzy critical path
method. The first method called FPERT, was
proposed by Chanas and Kamburowski [1]. Yao and
Lin [12] used signed distance ranking of fuzzy
numbers to find critical path in a fuzzy project
network. Chen and Chang [3] used defuzzification
method to find possible critical paths in a fuzzy
project network. Chanas and Zielinski [2] assumed
that the operation time of each activity can be

represented as a crisp value, interval or a fuzzy
number. Dubois, Fargier and Galvagnon [5] assigned
a different level of importance to each activity on a
critical path for a randomly chosen set of activities.
Chen and Huang [4] proposed a new model that
combines fuzzy set theory with the PERT technique
to determine the critical degrees of activities and
paths, latest and earlier starting time and floats. Thus
numerous papers [8]-[10] have been published in
Fuzzy Critical Path Problem (FCPP). Yao and Lin [11]
proposed a theorem based on signed distance ranking
method for triangular fuzzy number to identify the
fuzzy shortest path from vertex i to vertex n.
Elizabeth and Sujatha [6] proposed a theorem using
signed distance ranking method for trapezoidal fuzzy
number to identify the fuzzy critical path from vertex
1 to vertex j. Based on the concepts of two research
articles [6],[12] we have proposed a theorem for FCPP
from vertex i to vertex n.

The paper is organized as follows: In section 2, basic
definitions are reviewed and binary operation is
introduced for o-cut ranking technique. Section 3,
focus on formulation of critical path network
problem under fuzzy environment. In section 4,
suitable examples are illustrated to demonstrate the
proposed approach. Finally, simulation results using
C language are included for the same.

Preliminaries:

Definition 2.1. (Triangular fuzzy number): The
triangular fuzzy number A=(a, b, c), a<b<c, is a fuzzy
set defined on R with membership function as
follows:

I{%’ ifan<b\|
we=4 Lo x=h
—p ifb<XSC
k 0, otherwise}
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Fig.2.1. Triangular fuzzy number A

Definition 2.2. (Arithmetic operation on
triangular fuzzy number): Let A=(a,b,c) and

B=(a,,b,,c,) be two triangular fuzzy numbers then
A @ B = (avbuq)@(azrbzycz)

= (a,+a,,b,+b,,c,+c,)
A e E = (avbvcl) e(az;bzycz)

= (al_CZ)bl_bZ?Cl_aZ)
Definition 2.3. (a-cut Ranking technique): [7] Let
A = (a ,b ,c) be a triangular fuzzy number. Then the
o-cut ranking technique of A is,

R(A)= [ [a+a(b — a)]a da +

[, e — a(c — b)]a da =
If A and B are two triangular fuzzy numbers then A
$B iff R(A) = R(B). (2.1)
Here we define the binary operation for a-cut ranking
technique.
Definition 2.4. (Binary operation on «a-cut ranking
technique) Let A=(a,b,c,) and B=(a,b,,c,) be two

a+4b+c

triangular fuzzy numbers. Then
A®B=(a,+a,,b+b,,c,+¢c,) and
R(A®§)_(a1+a2)+4(b16+b2)+(cl+c2)

_a1+4:1+C1 + a2+4‘:2+C2 _ R(A)+R(§). (2.2)

Formulation of critical path network problem
under fuzzy environment:

Crisp Critical Path Problem (CCPP): A dynamic
programming (DP) formulation for the critical path
problem can be given as follows: In a network with an
acyclic directed graph G = (V, E) with n vertices
numbered from 1 to n such that 1 is the source and n
is the destination. Then,

f(n)=0

f(i)=max{c;+f(j)/<i,j>€ E} (3.1)
i<j

Here cj is the weight of the directed edge <i, j>, and
f(i) is the length of the critical (longest) path from
vertex i to vertex n.

Fuzzy Critical Path Problem (FCPP): In the FCPP,
we consider the edge weights in the network, i.e., c; is
imprecise in nature, due to the vagueness in the data.
A tolerable range for each c¢; as an interval
[cj—Ajj1, cjtA;j2], where o< A;j;1<c; and o< A;j,.

Using this interval, the decision maker (DM) can
choose an appropriate value for each c;. The range
[ci-Aij1,¢+Aij2]  corresponds to the following
triangular fuzzy number,

C:i=(cij_Aij1 ’Ciivcii+Aij2 ),WhEI‘EO<AU’1 <Cii’ O<Aij2 (32)
a(x) 4
1 Pr—
-4
Cl 'Cj]'- ﬂ:,-ﬂ 'Cij 'Cj_j+ﬁ,'_r':| X

Fig.3.1. The fuzzy number C;;

The length of the tolerable range [cj-A;j1, cj+4;j,] is

Aj=A;j2-A;j1. From definition 2.3 we obtain
&= R(E) = UG G3)
_ 6¢ij+(Aij2—Aj1)

Aij2—Aij1

S (34)

sk
Cii = Cii+

(35)
In (3.5), when A;j;=A;j,, we obtain ¢ = ¢;. Thus the
fuzzy problem becomes the crisp one. We call & = ¢;

A;
+ % an estimate of the edge weight < i, j > in the

A;i
C’l:] = Cii + ?] >0

fuzzy sense.
Because there are finite paths from node 1 to node n
in a network, we conclude that there are also finite
paths from node i to node n in the network. Thus,
there must exists a
path p = <i,iy iz Imgy,n> (i€, <i,i>, <ipi>, .y <img),n>
€E) for f(i) =¢;;, +Ciy i+t Cipy Note that f(i) is the
length of the critical path from vertex i to vertex n.
Therefore we have
f(i)= Ciiy +Ciy i+ +Cipy 0 =Cikey +Chey oyt Chey goym (3.6)
where at least one equal sign holds for all possible
paths, p= < ik,k,,...k pu,n >, from vertex i to vertex
n. Thus,
f(i)= max{cik1+ck1k2+...+Ckp(k)n / for all paths
p= <i,k,k,,...Kpa0,n >} .
Fuzzifying both sides of (3.6) yields
5ii1@6i1i2@---@6im(gn >6ik1® 5k1k2®'~®5kp(k)n (37)
From (2.1), we obtain,
R(éiil @ 6i1i2@ .. @ 5im(i)n) = R(Eikl@ 6k1k2®'"

@ Ckp(k)n)
R(Ciil) + R(Ciliz) + ..t R(Cim(i)n) > R(Cikl) +

R( Ek1k2)+...+R(f‘kp(k)n) (by (2.2))
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Cii1+ci1i2+---+cim(i)n = Cik1+ck1k2+---+ckp(k)n
(3-8)
where at least one equal sign holds for all possible
paths from vertex i to vertex n. Let
i) be the length of the critical path from vertex i to
vertex n in network G=(V,E) with{d; /<i, j> € E}.
We know that, f(i)= Cii, +Ci1i2+---+cim(i)n~
From (3.8), we obtain

f*(l) = Cii1 +Ci1i2+---+cim(i)n .
Similarly, we obtain

f*(]')=C]'j1+Cj +...+CE;

1J2 TJmHn
(3-9)
We rewrite (3.1) as follows: for any fixed i,
f(i) = ¢; + f(j), V i<j, (i, j) € E ,where at least one equal
sign holds. Then,
Cii1+ci1i2+'"+cim(i)n >
Cij+cjj1+cj1j2 +...+ij(j)n,Vi<j,(i,j)EE
(3.10)

where at least one equal sign holds. Fuzzifying both
sides of (3.10) yields
6ii1@Ei1i2®'"®c~im(i)n>6ij® Ejj1®€j1j2“'®Ejm(j)n,Vi<j’
(i,j)€E (3.1)
where at least one = holds. From (2.1),(2.2) and (3.5),
we obtain

Cii1+ci1i2+-~+c' > Cij+ij1+...+C'

im@n = Tm(pn
Vi<j,(i,j) EE (3.12)
where at least one equal sign holds. Then, according
to (3.5), (310) and (3.12), the DM should choose

appropriate values for parameters

Aiil’AiliZ""’Aim(i)n’ AijAjj, - and Ajm(].)n to satisfy
Aii1+Ai1i2+“'+Aim(i)Tl2 Aij+Ajj1+“'+Ajm(j)TL’

V i<j,(i, j) EE (3.13)
From (3.9) and (3.12), the DP recursion of the first
type of critical path problem in the fuzzy sense can be
given by

f*(i) = Trilgjx{c*ij +f*(j) / <i,j> €E}and f *(n) = 0.
Finally, we summarize the above description in the
following Theorem.

Theorem 3.1: Consider a network G= (V, E) with n
vertices numbered from 1 to n with the edge weights
{c; /<i, j>EE}. An estimate of the edge weight c’fi, is
based on a triangular fuzzy number given in (3.2),
defined by c*ij =q + % (Aijz - Aijl) =g + % Aj;, where
Aijy and A;j, are parameters whose values are
determined by the DM to satisfy (3.13), thus creating
a set of edge weights in the fuzzy sense, {¢} / <i, j> €
E}. The DP recursion of the critical path problem in
the fuzzy sense is given by

f*3i) = nljtgjx{c*ij +f*(j) /<i,j>€E}, and

f*(n) =o, (3.14)

where f *(i) is the length of the critical path in the
fuzzy sense from vertex i to vertex n.
When A;j,=A,j; for each edge <i, j>€ E in Theorem
3.1, we obtain c"?j = ¢j. As a result, the fuzzy critical
path problem becomes a crisp problem.

Illustrative Example: Consider the network as
shown in Fig.4.1.

Fig. 4.1. Project network
Crisp Case: Assume the edge weights of the network
as follows: ¢, = 3,¢3=3,0,=3, C35= 2,056 = 5,Cy6 =
4,C4 = 4,Cs; = 4,Ce3 = 5 and c,;3 = 4. From (3.1), we
have
f(8)= 0, f(7)= c;5+f(8)= 4, f(6)= css+f(8)=5,
f(5)=cs:+(7)=8, f(4)=max{c,s+(6),c;,+H(7)}= o,
f(3)= max{c;s+f(6),c;5+f(5)} = 10,
f(2)=c,,+f(4)=12, f(1)=max{c,,+{(2),c;+{(3)}=15 .
Here, f(1)=c,,+c,,+C 6+Ces=15.This is the length of the
critical path from vertex 1 to vertex 8 where the
critical path is 1—»2—4—6—38 in the crisp case.
Fori =1, 3 and 4 we get the following inequalities.
When i=1, ¢,,+C,,+C 6+C6s>Ci3+C36+Cos ;

CipHCsy+Cy6+Co8>Ci3+Cy5+C 57+Cs;

C3+ C36+ Cog = Ci3+ C35 + C5; + Cg.
When i=3, cj6+ Ceg = C35 + C; + Cg
When i=4, ¢ 6+ Cs> Cyy+ Cg (4.1)
Fuzzy case: Then, based on the parameters (3.13)
and the above inequalities (4.1) we have the
following:
A12+A24+A46+A68 > A13+A36+A68;
Ap+AL +A 6+ Agg > A+ A+ Ay +Ag;

A+ Aje+ Agg=Ag+ Ay + Ay, + Ag;
A36 + A68= A35 + A57 + A78;

A+ Aes > Ayt Ag. (4.2)
4.2 a) If the DM values of
parameters as A;j<A;j; i.e,A151=2, Aj3p=4,A131=1,
A132=3, Da41=1, Dpgp=2, A351=1,
A3s2=2, A361=1, A362=3, Dge1=1, Dse2=3,
Ay71=2, Dy72=3, As71=3, As72= 4, Ngg1=1,06g2= 2,
A7g1=1, A7gp=2.
ie, A=Ay —Ajp1=2,A5=2,A,,=1, A=,
Aje=2, Aje=2, A =1, Ay =1, Agg=1, Ag=1 to  satisfy
the conditions in (4.2), then the fuzzy numbers in
(3.2) are determined as follows:

612=(1)3’7)’ 513=(2)3’6)’ 524=(2’3)5): 635=(112’4)’
636=(4,5,8)y 646=(3’4»7)r 547=(2:4r7)) 657=(1’4’8)’
668=(4v5)7)1 678=(3)4;6)'

chooses the
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From Theorem 3.1 we obtain the estimate of the edge
weights in the fuzzy sense as follows: ¢;,=3.33, &,=3.33,
&,=3.16, =216, &=533, ¢6=4.33, &,=4.16, & =4.16,
dis=5.16, Eg=4.16.

From (3.14), we have f{8)= o, f{(7)= 4.16,

f6)= 516, f'(5)= 8.32, {(4)= 9.49, f(3)=10.49,

2)= 12.65, (1)=&, +¢,+ s+ s = 15.98.

1) is the length of the fuzzy critical path from vertex
1 to vertex 8 where the critical path in fuzzy sense is
1—2—4—6—8.

4.2 b) If the DM chooses the values of
parameters as A;j;>A;j; i.e,A151= 2, Ajpp=1,A131=3,
A132=1,D341=2, Dp4p=1, A351=2 A352=1, A361= 4,
A362=2, Dge1=2, Dye2=1, Dy71= 4, Dy72=1,571=3,
As72=1, Agg1=3, Aegz=1, A7g1=2, A7go=1.
i.e.,Au=A122 _A121=-1, Al3=-2, A24=-1, A35=-1, A36=—2,
A=-1, A=-3, Ay =-2, Ags=-2, A,g=-1 to satisfy the
conditions in (4.2), then the fuzzy numbers in (3.2)
are determined as follows:

€,=(1,3,4), €5=(0,3,4), €>,=(1,3,4), €55=(0,2,3),
536=(1)5:7)) 546=(2)4)5): 547=(0’4:5)1 657=(1v4:5):
568=(2’5v6)’ 578=(2)4:5)'

From Theorem 3.1 we obtain the estimate of the edge
weights in the fuzzy sense as follows: ¢,=2.83,
Cz3=2.66, C:24:2.83, §5:1.83, c*36:4.66, cﬁ6:3.83, C’Z7:3.5,
€5,=3.66, C3=4.66, C;3=3.83.

From (3.14), we have f{8) = o, f{7) = 3.83,

£76)= 4.66, f(5)=7.49, (4)= 8.49, f( 3)= 932,
f2)=n32, f *(1)=c’i2+c";4+cﬁ6+c*68 = 1415. f{1) is the
length of the fuzzy critical path from vertex 1 to
vertex 8 where the critical path in fuzzy sense is
1—2—4—6—8.

4.2c) If the DM chooses the
parameters as A;j; = A;jp Ajjq < Ajjp and

values of

Ajj1>Aijp ie,A121=1, Aypp=1, Ayz1=2,4135=3,A541=1
s Bp42=2, A351=1, A353= 2, A361=3, A362= 2, Nge1=1,
Dae2=1, B471=3, Dy7p=2, Ag71=3, Ag72=1, Aggq=1,
Aggo= 2, A7g1=1, Aygy=2.

i.e.,Au: A122 - A121= o, A13= 1, A24= 1, A35= 1, A36:_

1, Ay=0, Ay=-1, A= -2, Agg=1, Ag=1to satisfy the
conditions in (4.2), then the fuzzy numbers in (3.2)
are determined as follows:

512=(273’4)) 613=(1’3)6)) Ez4=(2‘)3>5)’ 635=(1:2,4)’
636:(2‘75'7)) 646:(3)475)) 6472(1,4,6),
668:(475’7)) 578:(3’4»6)-

From Theorem 3.1 we obtain the estimate of the edge
weights in the fuzzy sense as follows: &,=3, cﬂi3=3.16,
c*24=3.16, c*35=2.16, c";6=4.83, ct6=4, cﬁ7=3.83, c*57=3.66,
dis=5.16, ¢ g=4.16.

From (3.14), we have f(8)= o, f{7)= 4.16,

f16)= 5.16, (5)= 7.82, f4)= 9.6, f{ 3)= 9.99,

f2)= 12.32, 1)=&, +&,+ &6+ is= 15.32.

1) is the length of the fuzzy critical path from vertex
1 to vertex 8 where the critical path in fuzzy sense is

1—-2—4—6—8.

6572(1,4,5),

Table 4.1: Results and discussions

Parameter | Edge CCPP | FCPP | Results
s weight
chosen by | s
DM
FCPP =
Al'jl :Aijz Cﬂ;i=Cii 15 - CCPP
FCPP is an
Agj <Ay, &> q - 15.98 | extension
of CCPP.
CCPP s
Aj >4, &< - 1415 | an
extension
of FCPP.
Bij=Byj, | | _
Ay, <Byj, Cij = Cjj FCPP is an
AjsDig, | - 15.32 | extension
Gjj >Cj of CCPP.
&
< Gj

The comparison of critical path in the fuzzy sense
with the crisp critical path is as follows:

(1) IfA;;. <A then X 100 = 6.53 %
[5%

Uz’ f0
(2) If Ajj, >4, then X100 = 6.00 %
(3) If Aij1 = Aijzr Aih < Aijzand Aij1 > Aij;_? then
x 100 = 2.13 %.
f(
Table 4.2: Results of the network
Crisp
Fuzzy Path Length
Path L
Paths ength
Aij, =Aij,,
Diji= | By [ By | Ay, <dy,
Aij, < | >4y, | and
Aij, Aijy > Ay,
1—>2—4— 15 15.98 | 14.15 15.32
6—8
1—2—4— 14 14.81 | 12.99 14.15
78
1—3—5— 13 13.81 | 11.98 13.14
7—8
1—3—6— 13 13.82 | 11.98 13.15
8

Here path 1—2—4—6—8 is identified as the critical
path in crisp and fuzzy case.

Simulation result using C language:
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