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Abstract: This paper analyzes the notion of lattice structure on Pre A*-algebra. It has been derived the
corresponding properties of the Pre A*-lattice L . Furthermore, identified a congruence relation €, on L and

proved that the set of all congurences on L is a distributive Pre A*-Lattice. Also described an ideal on Pre A*-
lattice L and shown that F( L) the set of all ideals of L is a distributive Pre A*-lattice under the set inclusion.
Also introduced the notion of ideal congruence on Pre A*-lattice and derived its various significant properties.
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Introduction: The concept of lattice was thoroughly discussed by Birkoff G (1948). In a draft manuscript
entitled “The Equational theory of Disjoint Alternatives”, E. G. Manes (1989) introduced the concept of Ada
(Algebra of disjoint alternatives) (A, A, V, (=)', (=) 0,1, 2) which is however differs from the definition of the
Ada of E. G. Manes (1993) later paper entitled “Adas and the equational theory of if-then-else”. While the Ada
of the earlier draft seems to be based on extending the If-Then-Else concept more on the basis of Boolean
algebras and the later concept is based on C-algebras (A, A, V,(—)") introduced by Fernando Guzman and
Craig C. Squir (1990) . P. Koteswara Rao (1994) first introduced the concept of A*-algebra (A, A, V, *,
()7, ()% 0,1,2) not only studied the equivalence with Ada, C-algebra, Ada’s connection with 3-Ring, Stone
type representation but also introduced the concept of A*-clone, the If-Then-Else structure over A*-algebra
and Ideal of A*-algebra. Later Ramabhadra Sarma.l., Koteswara Rao.P (1996) made an account on the algebra
of Disjoint Alternatives.

J.Venkateswara Rao (2000) introduced the concept Pre A*-algebra (A, A, V,(—)™) analogous to C-algebra as a
reduct of A*- algebra. Srinivasa Rao.K.(2009) contributed the structural compatibility of Pre A*-Algebra with
Boolean algebra. Further A. Satyanarayana (2012) established the concept of Ideals, Semilattice structures and
Ideal congruences on Pre A*-algebra. Boolean algebra depends on two element logic. C-algebra, Ada, A*-
algebra and our Pre A*-algebra are regular extensions of Boolean logic to 3 truth values, where the third truth
value stands for an undefined truth value. The Pre A*- algebra structure is denoted by (A, A, V, (=)~) where A
is non-empty set A, V, are binary operations and (=)~ is a unary operation.

In this paper we identify for any subset L of a Pre A*-algebra, a Pre A*-lattice. We present various examples of
Pre A*-lattices. We offer several properties of Pre A*-lattices. We define sub Pre A*-lattice, distributive Pre A*-

lattices and homomorphism of Pre A*-lattices. We confer congruence relation €, on L and prove that the set

of all congurences of the form @, forms a distributive Pre A*-Lattice. We also introduce the concept of Ideal,

Ideal congruences on Pre A*-lattice and derived some important properties of these.

Preliminaries: In this section we concentrate on the algebraic structure of Pre A*-algebra and state some
results which will be used in the later text.
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Definition: The relation R on a set A is called a partial order on A when R(<) is reflexive, anti-symmetric, and
transitive. Under these conditions, the set A is called a partially ordered set or a poset. Frequently we write (A,
R) or (A, <) to denote that A is partially ordered by the relation R(<). Since the relation < on the set of real
numbers is the prototype of a partial order it is common to write < to represent an arbitrary partial order can
be described as follows:

1. ForallaeA,a<a (symmetry)

2. Forallaybe A,a<b,b<a,thena=b (anti symmetry)

3. Foralla,b,ce A,a<bandb<c,thena<c (transitivity)

Two elements a and b in A are said to be comparable under < if either
a < b or b < a; otherwise they are incomparable. If every pair of elements of A are comparable, then we say that
the partially ordered set is totally ordered.

Definition: An algebra (A4,A,Vv, (=) ~ ) where A is a non-empty set with 1, A,V are binary operations and

(=) ~ is a unary operation satisfying

@ x =x Vx e A

(b) xAx=x, VxeAd

() xAy=yAx, Vx,yed

(d) (xAy) =x"vy  Vx,yed
@xAn(yrnz)=(xAy)rnz, Vx,y,zeA

) xA(yvz)=(xAry)v(xaz), Vx,y,zeA

(g xAy=xA(x "VvYy), Vx,yeAiscalleda Pre A*-algebra.

Example: 3 = {o, 1, 2} with operations A,v, (=) ~ defined below is a Pre A*-algebra.

A 0 1 2 v 0 1 2 X X
o o) o 2 o o 1 2 o) 1
1 0 1 2 1 1 1 2 1 o)
2 2 2 2 2 2 2 2 2 2

Note: The elements o, 1, 2 in the above example satisfy the following laws:
(@a)2"=2 (b)i1anx=xforallx €3
(c)ovx=xforallx e3 (d)2ax=2vx=2forallx e 3.

Example: 2 = {o, 1} with operations A, v, (-)” defined below is a Pre A*-algebra.

7\ ’ o 1 \Y (0] 1 X | X
o (0] o o (0] 1 o 1
1 o 1 1 1 1 1 (0]

Note:
(1) (2, VoA, (—5) is a Boolean algebra. So every Boolean algebra is a Pre A* algebra.

(ii) The identities 1.2(a) and 1.2(d) imply that the varieties of Pre A*-algebras satisfies all the dual statements
of 1.2(b) to 1.2(g).

Definition: Let A be a Pre A*-algebra. An element x €A is called a central element of A if xV x =1 and the
set {x € A/ XV x"=1} of all central elements of A is called the centre of A and it is denoted by B (A).
Theorem: [Satyanarayana.A, (2012)]: Let A be a Pre A*-algebra with 1, then B (A) is a Boolean algebra with the
induced operations A,V ,(-)"
Lemma: [Satyanarayana.A, (2012)]: Every Pre A*-algebra with 1 satisfies the following laws
@ xvl=xvx" (b) xA0=xAx"
Lemma: [Satyanarayana.A, (2012)]: Every Pre A*-algebra with 1 satisfies the following laws.
@ xA(X"vx)=xv((x"Ax) =x (b)) xVvX)AY=EXAY)VE AY)

IMRF Biannual Peer Reviewed (Referred) International Journal | SE Impact Factor 2.03 /171



UGC Approved Journal - S No 1814 Journal No 43832

@Qxvynz=(xAnz)v(X AYAZ)
Lattice Structure on Pre A*-algebra: In this section we define (for any subset L of a Pre A*-algebra) a Pre A*-
lattice (L, A, v). We give some examples of Pre A*-lattices. We give some properties of Pre A*-lattices. We

define the congruence 8, ={(x,y)e LxL/ anx=aAy} forany a e Land studied their properties. We

also introduce the concept of Ideal, Ideal congruences on Pre A*-lattice and derived some important properties
of these.

Definition: Let A be a Pre A*-algebra. A non-empty subset L of a Pre A*-algebra A in which for each pair of
elements a € A, b € B(A) in L has greatest lower bound a v b exists in L. Such a defined set L in Pre A*-algebra
is said to be Pre A*-lattice.

Now we give another type of definition other than that in 2.1. Definition by means of equations.

Definition: Let A be a Pre A*-algebra. A non-empty subset L of a Pre A*-algebra A, equipped with two binary
operations meet (A) and join (v) which assign to every pair a €A, b €B(A) of the elements of L, uniquely an
element

a A baswell as element a v b in L in such a way that the following axioms holds.

(i) an(bac)=(anb)Aac Va,b,ceL (associative)

(ii) anb=bAaa,Va,b e L (commutative);

(iii) aA (avb)=a, Va,b e L (absorption law)

2.1. Note: The above axioms (i), (ii), (iii) holds with respect to @ also.

2.1. Example:

1. Let A be a Pre A*-algebra and 2 = {0,1} is a subset of A then 2 = {0,1} is a Pre A*-lattice.

2. 3={o, 1,2} is a subset of a Pre A*-algebra then 3 = {0, 1, 2} is a Pre A*-lattice.

3. Fig (i) is an example of Pre A*-lattice.

Z
Figure (i)

4. Example of a poset which is shown in Fig (ii) is not a Pre A*-lattice:

/.

al}

Figure (ii)
Definition: Let L, and L, be a two Pre A*-lattices. A mapping f : L, — L, is called a homomorphism if

(i) flanb)=f(a)Af(b) (i) f(avb)=f(a)v f(D)
The homomorphism f : L, = L, is onto, then f is called epimorphism.

The homomorphism [ : L, — L, is one-one then f is called monomorphism
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The homomorphisn f: L, — L, is one-one and onto then f is called an isomorphism, and L, L, are
isomorphic, denoted in symbol L, = L, .

Theorem: Let A be a Pre A*-algebra. L is a subset of A Then (L, A, Vv) is a Pre A*-lattice.

Proof: Since A is a Pre A*-algebra L is a subset of A.

We havean(bac)=(aab)Aac Va,b,ceAby1.2(e)

anb=baa VabeAbyr2(c)andanrna=a VaeAby1r2(b)

Thereforean (bac)=(@anb)ac, Va,bcel,arnb=baa Vabel

Andanra=a,VaeL. Hence (L, A) is a semilattice.

Similarly we can prove (L, v) is a semilattice. And since in a Pre A*-algebra,

an(avb)=a VaeA beB(A).So,aan(avb)=a,Va,b e L (absorption law). Hence (L, A, V) is a Pre A*-
lattice.

Definition: Let A be a Pre A*-algebra suppose L, be a subset of a Pre A*-lattice L. We say L, is a sub Pre A*-
lattice of L if L, itself is a Pre A*-lattice (with respect to the operations of L).

Example: 3 = {0, 1, 2} is a Pre A*-lattice then 2 = {0,1} which is a subset of 3 = {0, 1, 2} is a sub Pre A*-lattice.
Definition: Let A be a Pre A*-algebra and L is subset of A. Then a Pre A*-lattice (L, A, V) is said to be
distributive Pre A*-lattice if any elements a, b, c in L we have the distributive law.
an(bvc)=(@aab)v(aac), Vab,cel

Example: The chain shown in the Fig (iii) of section 2 is a distributive Pre A*-lattice.

Theorem: Let A be a Pre A*-algebra and L is a subset of A which is Pre A*-lattice. Then L becomes a
distributive Pre A*-Lattice.

Proof: Since A is a Pre A*-algebra, and L is a subset of A which is clearly a Pre A*-lattice and since distributive
law holds in a Pre A*-algebra,

an(bvc)=(aab)v(anac),Va,b,celLHencelL becomes a distributive Pre A*-lattice.

Definition: Let A be a Pre A*-algebra and Lis a distributive Pre A*-Lattice. Define for any a e L,

0, ={(x,y)eLxL/ anx=any}
Lemma: Let L be a distributive Pre A*-Lattice. Then 8, ={(x,y)€LxL/ anx=a Ay} isa congruence
relation on L.
Proof: Since aAx=a A X then (x,Xx)e Ha , the relation is reflexive.
Let (x,y)e @, then anx=any
=S aAAY=aAnXx
= (y,x)e 0, the relation is symmetric
Let(x,y)e 6 and(y,z)e O, then anx=aAyand arny=anz
=S aANX=aANZ
= (x,z)e 0,, the relation is transitive.

Hence the relation 8, is equivalence relation.
Let x,y,z,t € L suchthat (x,y)e @, and(z,t)e 0, then anx=anry ,anz=ant
Now an(xvz)=(arnx)v(anz)

=(any)v(ant)

=an(yvt)
This shows that (xVv z,yvt) e 6,
Hence 6, is closed under v.
Also an(xAnz)=(anx)An(anz)

=(any)n(ant)

=an(yAt)
This shows that (x Az,yAt) € 0,

Hence 49a is closed under A.

Therefore 6, is a congruence relation on L .
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Theorem: Let L be a distributive Pre A*-Lattice. Define X ={6, /a € L}then (X,C)is a distributive Pre A*-
Lattice.

Proof: Clearly 8, 0, forall 8, € X', shows C is reflexive.

Let 6, 0, and 6, 0, implies that 6, = 0, .This C is anti- symmetric.

Let 6, < 0, and 6, — 0. then 0, C 0., shows that Cis transitive.

Hence (X,<)is a poset.

First we show that 8, N6, =6

avb
Let (x,y) €0, NG then arnx=aAryandbAx=bAy
Now (avb)Ax=(anx)v(brx)
=(any)v(bnry)
=(avb)ny
This implies that (x,y) €8, ,
This shows thatd, N6, < 6, , .
On the other hand let (x,y) €6, ,,then (avb)Ax=(aVvb)Ay.
Now a Ax =(a A (av b)) Ax (byabsorption law)
=an((avb)nx)
=an((avb)ny)
=(an(avb)rny
=any
This implies that (x,y) € 6, ,hence 8, , <6,
Similarly we can prove that 6, , < 0,
This implies that &

avb

Hence 8, N6, =0, ,

<0 o,

Let (r,5) €6, then anr=aArs = arnbrr=anbnrs = (r,s)el,,,.
Hence 8, < @, , . Similarly 6, 0, , .

Thus @,,, is an upper bound of {6, , 6, }.

Let 6, is an upper bound of {8, , 0, }.

Let (x,y)€0, ,then anbax=arbry = (bax,bry)el, C 0.

=S cAbax=cAbAy=>barcAax=brcAny = (cAx,cny)e b, 0,
=S CACAX=CACAY D CcAX=CcAYy = (X,y)€0,

Hence 6, , < 0..

Therefore Sup{8,,6,}=6, ,ie, 8, vO, =0, .

Hence X is a Pre A*-Lattice.

Sincean(bvc)=(aanb)v(anac),Vab,ceLwehave X isa distributive Pre A*-Lattice.

Definition: A nonempty subset I of a distributive Pre A*-Lattice L is said to be an ideal of L if the following
hold.

(i) a,b el=avbel

(ii) a eI= xAaelforeachxe L

Theorem: Let L be a distributive Pre A*-Lattice. Then F( L) the set of all ideals of L is a distributive Pre A*-
Lattice under the set inclusion.

Proof: LetI,Je F(L)

Clearly I{1] is an ideal of L, and I{ )] = Inf{I, J} in the poset ( F(L),C).
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n
Let H={\/ x / x€l UJ, nisa positive integer }
i=1
n n n

Let x, y € H implies that x = \/] Xi, Y= 1 yi and hence x vy = I>/1 b
1= = =

1

(eacht,eIU] )

Leta e L andx eH.
n n

Thena Ax=a A(V X) =V (a AX)
i=1 i=1

Now a Axie IUJ (sinceifx;eI thena Ax;elandifx;e] thena Ax;e))
Hencea AxeH.

Therefore H is an ideal of L.
Clearly I, J are subsets of H.
Let K be any ideal of L such that I &K, ] &K.

n

Now let XxeH = x = \/1 x; = xeK(since | JE K and K is an ideal)
l:

Hence H S K
Therefore H is the smallest ideal containing I, J.

n
Therefore Sup{l, J} = Hi.e, Iv] ={ \/ x / xieIU]J, n s a positive integer }
i=l1

Hence F( L )is a lattice under the set inclusion.
LetI, J,Ke F(L)

Clearly (1N]) v (INK) <IN (v K)
Lette I[] Jv K)

n
Thent=\/ x;, where xie]UK
i=1
n n
Nowt=tAt=tA(\/ x)=\ (t AX)
i= i=1

Now t AXx; € Iﬂ]orIﬂK

Therefore te (I(1]) v (I[1K)
HenceI(] Jv K) <(IN]) v (INK)
Thus I Jv K)=(INJ) v (INK)

Therefore F( L) is a distributive Pre A*-Lattice.
Definition: For any ideal I of a Pre A*-Lattice L we define

0,={(x,y)/anx =an y,forsomeael}. Thatis &, = UHa

ael
Theorem: 0, is a congruence on a Pre A*-Lattice L for any ideal I of L.

Proof: We know that the union of a class of congruences on L is again a congruence on L if the given class is
directed above, in the sense that, for any two members 91 and (92 in that class there exist a member @ in the
class containing both 6, and 6,.

Now consider C={68, /ael}

Since each @, is congruence on L, C is a class of congruence on L. Also for any a, b €I we have av beland 6,
vb =6,6,eC

Therefore C is a directed above class of congruences and U 6, (=0,) is a congruence on L.
ael

Theorem: For any ideals I and ] of a Pre A*-Lattice L the following hold.

WIlc] =6, 0,
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(2) 91“0] = elﬂJ

3 0:v 0;=6,,

Proof: Let I and ] are ideals of a Pre A*-Lattice L.

(1) Suppose that I J.

Letac I => a€]

Let (x,y) € 01 = anx=anyforsomeae |
= aAx=aAyforsomeac ]
=(xy) e 0

Therefore 6, C 0.

(2) Since I (1J< Tand I (] J then by (1) we get QIﬂJ C 0, and elm C 0,
Hence QIﬂJ c 6,6,

Let (x,y) € 6:N 0y =(x,y) € fiand (x,y) e 0,
= anx=aAyandbAx=b Ay, whereae [,be]
NowaAbe I[)Jandalso (aAb) Ax=aA (bAx)
=aAn(bay)
=(@Ab) Ay

Therefore (x,y) e nJ

Hence 0,() 6, H]ﬂj

Therefore 6, () 0 =9m,/

G)Since I < Iv] and < Iv] thenby () we get 0,1 6., 0y 6, and hence

6v 0,6,

Let (x,y)e O,whereze Iv]
n
= z=\/ xforsomexielv]and (x,y) e 0 , =\ QXA (since 8,,=0,v 0,)
i=1 vx. =1 "
|=1l
n

=Xy eV (9x’ c @,V @) (sinceeachx;elor])
=

:>(X,y) GQIV 9]
= Hlngé?lv 0]

Therefore ;v 0= 6

IvJ*
Let us recall that the set Con(L) of all congruences on any algebra L is an algebraic lattice under the inclusion

ordering in which the g.L.b and L.u.b of any subset C of Con(L) are given by g.l.b C = ﬂ 6 andlubC=U{0,
9eC

Now we have the following.
Theorem: Let F(L) be the lattice of all ideals a Pre A*-Lattice L. Then
[— @ is homomorphism of the lattice F(L) into the lattice Con(L) of all congruences on L.
Proof: From 2.6. Theorem (2 and 3) it follows that I — @ is lattice homomorphism of F(L) into the lattice
Con(L).
Lemma: Let L be a distributive Pre A*-Lattice. Then L, = { aAXx/ x €L} is a sub algebra of L and it is a

distributive lattice.
Proof:

Let anx,anyel,
Then an(xAy)=(anx) Alany)el,

Hence L, is closed under A
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Also an(xvy)=(arnx)v (any)el,

Hence L, is closed under v

Therefore L, is a sub algebra of L. Since L is a distributive Pre A*-Lattice we have L is a distributive lattice.
Theorem: Let L be a distributive Pre A*-Lattice. Then the map f,: L —> L, defined by f,(x)= aAxisa
homomorphismand L /60, = L,.
Proof: Let x,y € L. Then

f,(xvy)=an(xvy)=(arnx)V(any)= f,(x)V f,(y)and
fo(xAny)=an(xay)=(anx) Nany)= f,(x) A f,(y)

Therefore f, is homomorphism.

Foranxel,, f,(x)=anx

Hence f, is onto.

Nowker f,={(x,y)/ f,(x) = f,(¥)}={(x,y)/ anx = any}=0,

By fundamental theorem of homomorphism L / ker f, = L , whichimply L /6, = L .

Conclusion: This manuscript acknowledged the construction of lattice structure on Pre A*-algebra and such a
defined lattice structure on Pre A*-algebra was referred as Pre A*-lattice L . Further various properties of the
Pre A*-lattice were obtained. Also attained to construct the congruence 8, ={(x,y)eLxL/ anx=any}

forany a € Land X ={0, /a e L}then (X,C)is a distributive Pre A*-Lattice. Also it has been defined an
ideal on Pre A*-lattice L and proved that T ( L ), the set of all ideals of L is a distributive Pre A*-lattice under
the set inclusion. For any ideal I of a Pre A*-Lattice L it is defined &, ={(x,y)/aA X =aA y, for some acl}
is a congruence on a Pre A*-Lattice and confirmed that I—> ¢ is homomorphism of the lattice ¥ (L) into the
lattice Con(L) of all congruences on L. Finally it has been identified a distributive lattice L ={ aAnx/ x €L}

and themap f,: L — L, defined by f,(Xx)= aAXisahomomorphismand L/6, =L, .
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