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Abstract: In continuation with our investigations on constructions of explicit formulae for scalar convex
conservations laws we consider mixed initial boundary value problem for Lax equation. We have already
derived explicit formula for this problem. It appears that calculations are complicated and are not illuminating
enough to understand recursive nature of derivation. In this paper we provide an alternative derivation for the
explicit formula for Mixed Initial Boundary Value Problem for Lax equation.

Introduction: ;—1: + ﬁ%log(b +ae*)=0 (11)
u(x,0) = uy(x)
u(0,t) = A(t)

Where we take a,b > 0 so that solution doesn’t admit boundary layer. In [1] on the lines of derivations
provided in [6] and [7] we derived explicit formula for the solution of mixed initial boundary value problem
(11). We proved that solution of a finite difference scheme converges to the solution of (1.1) in the limit A— 0.
Where A is a step length used in the derivations of finite difference scheme for the problem (1.1). Details about
finite difference scheme are given in [1], [6] and [7]. We use the same notations as those are given in [1]. We
produce, on the lines of [6],[7] alternative derivation of V}?. The boundary condition is prescribed in the sense
of Bardos, Leroux and Nedelec[8] so that existence of solution is assured.

Derivation of Alternative Formula for V}: Note that in the case n < k formula is already in simple form and
it is discussed in [1]. In the following article we consider the case n > k and on the lines of [6] and [7] we
attempt to simplify formula for V!

Vi =5 () btV + X5 (L) T g (2.1)
k-1 k-1
o n o
vE, = Z (L) bV + Z (oo )b atvi
i=0 i=0
From these two equations we get the following-
Vit = e Vi + XI5 (1) b et (Vi — Vi) (2.2)

We rewrite the same equation
Vi = eV + Su

Where

Snie = 20 (D) b e (Ve — e Vi)
After a few manipulations we get the following

Vit = eMAyn 4 Skl oS, (23)
Which after plugging expression for S, ., ; and simplifying becomes the following equation

V,:l — e(n—k)l + 2?20(711) bn—lalVl Zn k-1 A] k+J l(n) pr-igl Vk+} -
k- j k+j-1 —i i
Z}lzéc 18/1(J+1)Zi=01 (7;) pm lalVI?+j+1_i
After performing few more simple manipulations we get the following:
VR = A 4 g (n) b lalvP + el(:)bn—kakvlo + eZA(k:ll)bn—k—lak+1V10 + e3/1(k1+11 )bn—k—zak+2V10
Kti1 o o . iy o

+ X0 “xtet iy - (Tll)b" ‘a‘V,?+j_i+Z?:§ LeAU+D) yit) (7)19" ‘' i

Which upon further simplification becomes the following:

Vi =
e (- k)A+Z O(n) pn- lalVO +yn o(n) pr—ig Vk l+2n k=2 o (j-DA (kT-ll-j) bn—k—jak+jV10 _
A FIE (M) bV (4)

Basic equation in the above formula is of the following form-
n n-lpl
log ( I ) a'b
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Using Sterling’s asymptotic formula for log(n!) we get on the same lines of [1] the following formula
log(7)a™'p! ~ —n(lognT_l + % (logﬁ —loga + %10g ba)) + %log 21 + %log (2.5)

n
l(n=1)
Multiply above equation by A to get

oL . ( - ) A A 1 nA
Alog(l)a b* =~ —nA(log——— +—(log( DA loga+ logba))+ A(log27'[+ logl(

l)A)

As A- 0, last term in the above expression, which is error left in using Stirling’s formula approaches zero and
only part which remains is

(n l)A 1A
—nA(log + —l 08 s l)A)
Let An =t and Al y then we get four separate expressions as

t-y b

Maxgey<r —t log (1 - %) - %log( 4 ) + f up(z)dz + (t — x)A
Maxgey< —t log (1 - X) - Xlog (t 4 b) + f uy(z)dz

MmaxXg<s<r SA — tlog(l—m) +ﬁ] g(t = Sb) +f ug(z)dz

x+s a
Maxgey<r —t log (1 - ?) - %log (t 4 b) + f S Uo(@)dz + (£ — )4
And the solution to the mixed initial boundary value problem for Lax equation is maximum of these four
expressions.

(2.6)

Conclusions: Finding explicit formula for mixed initial boundary value problems for scalar conservation laws
is very difficult and it depends on functional form of flux function. Lax equation is one of the simplest kind as
in this case solution doesn’t admit boundary layer. On the lines of treatment given to such flux functions by
Joseph and Gowda in [6] and [7] we have proved that solution of finite difference scheme converges to mixed
initial boundary value problem for Lax equation.

Appendix: In this section we will discuss a few specific initial boundary value problem. We will give solutions
to the problem when initial data is of Riemann type. We will keep boundary data constant.
u o
2—1: + -, log(b +ae*) =0
u(x,0) = uy(x)
u(0,t) = At)
1, 0<x<10
w0 ={7 " o2,
Pure initial value problem (i.e without boundary condition) admits simple wave solution. Slope of a
characteristic is

dx ae'
dt b+ aet

(1) Let us impose boundary condition A = 1. Then solution of the problem is

u(x t):{l x—10< at
’ 0 ot<x
Where
_ U)o ooae
(u—uy)
(2) A=05
In this case solution is
( 0.5 x < Tt

u(x,t)z{g«u(%)) Tt<x <ot
1 ot<x—10< Yt
0 yYt<x—10
Where 7 = 3.426122, 0 = 0.82321499 ,1 = 0.1282882
Both these illustrations are just illustrative and such solutions can always be constructed in variety of simple
situations.
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